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THE CHARACTER TABLE OF GLn(Fq) ⋊<σ>
CHENG SHU
Abstract. We compute the character table of GLn(Fq) ⋊<σ>, σ being an order 2 exterior
automorphism. After giving the parametrisations of σ-stable irreducible characters of GLn(q)
and the conjugacy classes contained in GLn(q).σ, we study how the extension of a σ-stable
character of GLn(q) to GLn(q).σ decomposes into induced cuspidal functions, the most difficult
part ofwhichhas been solved by J-L.Waldspurger. The result is apurely combinatorial formula
that only involves variousWeyl groups and the generalisedGreen functions of classical groups.
Finally, we explicitly determine the table for n = 2 and 3.
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Introduction
General Notations.
We fix an odd prime number p and denote by q a fixed power of p, then we fix a prime
number ℓ prime to p. We choose an algebraic closure k of the finite field Fq with q elements.
Denote by NFqr/Fqs : Fqr → Fqs the norm map whenever s divides r. Let G/k be an arbitrary
linear algebraic group defined over Fq with Frobenius endomorphism F. We denote by GF
the set of fixed points of F, which is a finite group. We may also denote this group by G(q)
if F is clear from the context. We only consider the Q¯ℓ-representations of the finite groups
GF, and notably GLn(q) for some non negative integer n. We will always assume that q > n.
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The identity component of G will be denoted by G◦. The centre of G will be denoted by
ZG. For any closed subsets X, H, H′ ⊂ G, we write CX(H) = {x ∈ X | xh = hx, ∀ h ∈ H},
NX(H) = {x ∈ X | xH = Hx} and NX(H,H′) = {x ∈ X | xH = Hx, xH′ = H′x}. When
H = {h} consists of a single element, the centraliser CX(h) is also sometimes denoted by Xh.
Throughout the article, we will denote by i a fixed square root of (−1) in k. For any matrix
A, its transpose-inverse is denoted by A−t.
Since we will be primarily interested a non-connected group G with two connected com-
ponents, the hypothesis on p implies that the unipotent elements ofG are all contained inG◦.
IfG1 is the connected component of G other thanG◦ with some fixed element σ ∈ G1, we will
often write the Jordan decomposition of an element of G1 as sσu, with sσ being semi-simple
and u unipotent. Note that in this expression sσ should be regarded as a whole and s may
well not be semi-simple.
Irreducible Characters of GLn(q).
SupposeG = GLn over k. Given a Frobenius F ofG, the associated finite groupGF = G(q) is
denoted by GLn(q) or GL−n (q) according to whether the action of F on the Dynkin diagram is
trivial or not. The character table ofGLn(q) has beenwell knownsince thework ofGreen [Gr].
Instead of the combinatorial point of view of Green, we present below a parametrisation
of the irreducible characters due to Lusztig and Srinivasan, which is fit for the problem of
extending characters to GLn(q) ⋊<σ>(see below).
For each F-stable Levi subgroup L, we denote by Irrreg(LF) the set of regular linear char-
acters of LF (See [LS, §3.1]), and denote by Irr(WL)F the set of F-stable irreducible characters
of the Weyl group WL = WL(T), with T ⊂ L being an F-stable maximal torus. We take
θ ∈ Irrreg(LF) and ϕ ∈ Irr(WL)F. For each ϕ, we denote by ϕ˜ an extension of ϕ to WL ⋊<F>.
We put
(1) RGϕθ = ǫGǫL|WL|−1
∑
w∈WL
ϕ˜(wF)RGTwθ,
where for any linear algebraic group H, ǫH := (−1)rkH and rkH is the Fq-rank of H, and RGTθ
is the Deligne-Lusztig induction ([DL]) of (T, θ) .
Theorem 1. (Lusztig, Srinivasan, [LS, Theorem 3.2]) Let G = GL±n (q). For some choice of ϕ˜, the
virtual character RGϕθ is an irreducible character of G
F. Moreover, all irreducible characters of GF are
of the form RGϕθ for a triple (L, ϕ, θ). The characters associated to the triples (L, ϕ, θ) and (L
′, ϕ′, θ′)
and distinct if and only if one of the following conditions is satisfied
- (L, θ) and (L′, θ′) are not GF-conjuguate;
- (L, θ) = (L′, θ′) and ϕ , ϕ′.
Therefore, the calculation of the values of the irreducible characters of GLn(q) is reduced
to the calculation of the values of Deligne-Lusztig characters, i.e. virtual characters of the
form RG
T
θ.
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Clifford Theory.
Let σ be an automorphism of order 2 of GLn that is compatible with the given Frobenius.
It defines a semi-direct product GLn(q) ⋊Z/2Z. This group will be denoted by GLn(q) ⋊<σ>
(or simply GLn(q).<σ>) in order to specify the action of 1 ∈ Z/2Z. We will assume that σ
is an exterior automorphism. Regarded as element of this non-connected group, σ = (Id, 1)
satisfies σ2 = 1 and σgσ−1 = σ(g), for all g ∈ GLn(q).
The representations of GLn(q) ⋊<σ> are related to the representations of GLn(q) by the
Clifford theory in the following way. LetH be a finite group and letN be a normal subgroup
of H such that H/N ≃ Z/rZ with r prime, and let let χ be an irreducible character of H. We
denote by χN the restriction of χ to N. Then
• Either χN is irreducible;
• Or χN =
⊕r
i θi, where θi ∈ Irr(N) are some distinct irreducible characters.
Moreover, the θi’s form an orbit under the action of H/N on Irr(N). Conversely, χN ∈ Irr(N)
extends to an irreducible character of H if and only if it is invariant under the action of H/N
by conjugaction. If χ is such an extension, we obtain all other extensions by multiplying χ
by a character of H/N.
Denote by Irr(GLn(q))σ the set of σ-stable irreducible characters, i.e. those satisfying
χ = σχ := χ ◦ σ. The irreducible characters of GLn(q) ⋊<σ> are either an extension of a
character χ ∈ Irr(GLn(q))σ or an extension of χ⊕σχwith χ a non σ-stable irreducible character
of GLn(q). Note that the extension of χ ⊕ σχ for χ non σ-stable vanishes on the component
GLn(q).σ, whereas two extensions of χ ∈ Irr(GLn(q))σ differ by a sign on GLn(q).σ. Their
values on GLn(q) are then given by the character table of GLn(q). Once we fix an extension χ˜
for each χ ∈ Irr(GLn(q))σ, it remains for us to calculate the restriction of χ˜ on GLn(q).σ. If no
confusion arises, we will also say that χ˜|GLn(q).σ is an extension of χ to GLn(q).σ.
The conjugacy classes of GLn(q).<σ> consist of the conjugacy classes of GLn(q) that are
stable under σ, of the unions of pairs of conjugacy classes of the form (C, σ(C)), with C ⊂
GLn(q) non σ-stable, and of the conjugacy classes contained in GLn(q).σ. From the equality
#{σ-stable classes} + 1
2
#{non σ-stable classes} + #{classes in GLn(q).σ}
=#{classes of GLn(q).<σ>}
=#{irreducible characters of GLn(q).<σ>}
=2#{σ-stable characters} + 1
2
#{non σ-stable characters}
(2)
and from the fact that #{σ-stable classes} = #{σ-stable characters}, we deduce that
(3) #{classes contained in GLn(q).σ} = #{σ-stable characters}.
So the table that we are going to calculate is a square table, its lines and columns being
indexed by the σ-stable irreducible characters of GLn(q) and the conjugacy classes in GLn(q).σ
respectively. However, there is no natural bijection between the classes and the characters.
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Deligne-Lusztig Induction for GLn(q) ⋊<σ>.
Let σ be as above and let ρ : GLn(q)→ V be a σ-stable irreducible representation (meaning
that ρ and ρ ◦ σ are isomorphic). Defining an extension of ρ, say ρ˜, is to define an action of σ
onV in such away that ρ˜(σ)2 = Id and that ρ˜(σ)ρ(g)ρ˜(σ)−1 = ρ(σ(g)) for all g ∈ GLn(q). Except
in some particular cases, we do not know how to do it. However, when σ is quasi-central,
we have a natural action of σ on the Deligne-Lusztig varieties Xw associated to w ∈ Wσ, the
subgroup of σ-fixed elements ofW =WG(T0), with T0 being a σ-stable and F-stable maximal
torus of G. This allows us to define the extensions of the Deligne-Lusztig characters RG
Tw
1
to GLn(q).<σ>, where Tw is an F-stable maximal torus corresponding to the F-conjugacy
class of w. By expressing a unipotent character of GLn(q) as a linear combination of these
Deligne-Lusztig characters, we can obtain an extension of this unipotent character. More
concretely, if we take an F-stable and σ-stable Borel subgroup B0 ⊂ G, the variety Xw consists
of the Borel subgroups B such that (B, F(B)) are conjugate to (B0, w˙B0w˙−1) by G, where w˙
is a representative of w ∈ Wσ in G which can be chosen to be σ-stable (one needs σ to be
quasi-central here). The action of σ on Xw is just B 7→ σ(B), which induces an action on the
cohomology. The character RG
Tw
1 thus extends to the function
gσ 7→ Tr(gσ|H∗c(Xw, Q¯ℓ)),
denoted by RG.σ
Tw.σ
1. This is a particular case of the Deligne-Lusztig induction for non-
connected reductive groups developed by Digne andMichel [DM94]. More generally, given
an F-stable and σ-stable Levi factor of a σ-stable parabolic subgroup, we have the maps RG.σ
L.σ
,
that sends LF-invariant functions on LF.σ to GF-invariant functions on GF.σ.
Each irreducible character χ of GLn(q) is induced from an irreducible character χL of LF,
where L is an F-stable Levi subgroup as in the setting of Theorem 1. If L is moreover an
σ-stable factor of some σ-stable parabolic subgroup, and χL is a σ-stable character of LF, then
χ is also σ-stable. Suppose that we know how to calculate χ˜L, an extension of χL to LF.σ, then
the character formula will allow us to calculate the values of RG.σ
L.σ
χ˜L, which coincides with
the values of an extension of χ to GF.σ.
Quadratic-Unipotent Characters.
However, there exist some σ-stable characters of GF that can not be obtained by the above
procedure. Let us look at some examples for n = 2, 3 and 4. We take as σ the automorphism
g 7→ Jntg−1J−1n with g ∈ GLn(k), where
(4) J2 =
 1−1
 , J3 =

1
1
1
 , J4 =

1
1
−1
−1

.
If G = GL2(k), and T is the maximal torus consisting of diagonal matrices, 1 the trivial
character of F∗q, η the order 2 irreducible character of F∗q, and if we denote by θ the character
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(1, η) of TF  F∗q × F∗q, then one can verify that RGTθ is an σ-stable irreducible character while
θ ∈ Irr(TF) is not σ-stable.
Besides, a priori, the map RG.σ
L.σ
is not defined for LF.<σ>, but for the normaliserNG.<σ>(L,P)
(the set of elements that simultaneously normalise L and P, with L being a Levi factor of P).
If L is a σ-stable Levi factor of a σ-stable parabolic subgroup P, then NG.<σ>(L,P) = L.<σ>,
otherwise, the two groups are not the same, as the following examples show. In fact, what
really matters is whetherNG.<σ>(L,P) meets the connected component G.σ.
If G = GL4(k) and L = CG(t) with t = diag(1,−1,−1, 1), then L  GL2(k) × GL2(k) and
θ := (Id ◦det, η ◦ det) is a σ-stable irreducible character of LF and thus induces a σ-stable
irreducible character of GL4(q). However, L is not a σ-stable Levi factor of a σ-stable parabolic
subgroup, because otherwise the σ-fixed part Lσ  SL2(k)×SL2(k) would be a Levi subgroup
of Gσ  Sp4(k) (cf. Proposition 2.1.2). In this case, NG.<σ>(L,P) = L ∪ Lnσ, where n ∈ NG(L)
permutes the two direct factors of L. So we are essentially in the same situation as the
previous example, i.e. θ is not nσ-stable.
Now we take L = GL3(k) × k∗ and a character with semi-simple part (Id, η) with respect to
this direct sum. In this case, L itself is not σ-stable. In fact, it is not conjugate to any σ-stable
Levi subgroup. So NG.<σ>(L,P) ⊂ G, no matter which parabolic subgroup is P.
The above examples are typical. Let L = G1 × G2 be a Levi subgroup of G, where
G1  GLm(k) and G2  GLn−m(k). Let χ1(resp. χ2) be a unipotent irreducible character of
GF1(resp. G
F
2). The character χL := χ1⊗χ2η (or χ1η⊗χ2) always induces a σ-stable irreducible
character of GF, where we regard η as a central character of GF1 or G
F
2 . But L does not fit
into Deligne-Lusztig theory for non-connected groups: either L is not conjugate to any σ-
stable Levi factor of σ-stable parabolic subgroups, or χL is not a σ-stable character of LF.
The irreducible characters of GLn(q) of the form χL as above are called quadratic-unipotent.
They are parametrised by the 2-partitions of n. Their extensions to GLn(q).<σ>have been
computed by J.-L.Waldspurger by using character sheaves for non-connected groups. The
main result is as follows.
Let (µ+, µ−) be a 2-partition of n, to which is associated the data (ϕ+, ϕ−, h1, h2), where
ϕ+(resp. ϕ−) is an irreducible character, determined by the 2-quotient of µ+(resp. µ−), of
the Weyl groupW+(resp. W−) of type CN+(resp. CN−), while h1 and h2 are two non negative
integers related to the 2-cores of µ+ and µ−. We have n = 2N+ + 2N− + h1(h1 + 1) + h22.
Theorem2 (Waldspurger). The extension of the quadratic-unipotent character ofGLn(q) associated
to (µ+, µ−) is given up to a sign by
(5) RG.σϕ :=
1
|W+|
1
|W−|
∑
w+∈W+
w−∈W−
ϕ+(w+)ϕ−(w−)RG.σLw.σφw.
In the above expression,Lw is aσ-stable andF-stable Levi factor, isomorphic toGLh1(h1+1)+h22 (k)×
Tw+ × Tw− with w± ∈ W±, of a σ-stable parabolic subgroup, and φw is some kind of "ten-
sor product" of the characters φ(h1, h2), 1˜ and η˜, where φ(h1, h2) is a cuspidal function on
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GLh1(h1+1)+h22 (q).σ which is supported on an isolated conjugacy class; 1˜(resp. η˜) is the exten-
sion of the linear character 1(resp. η) of TFw+(resp. T
F
w−), the latter being defined via the
product of norm maps. If µ− is the empty partition and µ+ has trivial 2-core or the 2-core (1)
according to the parity of n, then Lw becomes a σ-stable maximal torus andW+ is isomorphic
toWσ
G
, the σ-fixed subgroup of the Weyl group of G.
Parametrisation of σ-Stable Characters of GLn(q).
Ageneralσ-stable irreducible character is the product of a quadratic-unipotent component
and a component that looks like induced from an σ-stable Levi factor of a σ-stable parabolic
subgroup. See Proposition 5.2.2 and Proposition 5.2.3 for the details.
Suppose that χ is a σ-stable irreducible character corresponding to (M, θ, ϕ) as in Theorem
1. We write θ = (αi)i with respect to the the decomposition of MF into a product of some
GLni(q
ri)’s, where αi are some characters of F∗qri and we have omitted the determinant map
from the notation. It is easy to see that the action of σ sends χ to the character associated
to (σ(M), σ∗θ, σ∗ϕ). According to the parametrisation of the irreducible characters of GLn(q),
there exists some
g ∈ NGF(σ(M),M) = {x ∈ GF | xσ(M)x−1 = M}
such that σ∗θ = ad∗ gθ. Note that the value of αi only depends on the determinant of the
corresponding factor. The action of σ inverts the determinant while the conjugation by g
does not change the determinant. We can then conclude that for each αi, its inverse α−1i is
also a factor of θ. The factors satisfying α−1
i
= αi form the quadratic-unipotent part.
Fix a σ-stable maximal torus T contained in a σ-stable Borel subgroup B ⊂ G and identify
the simple roots with the Dynkin diagram of G. If I is a σ-stable subdiagram of the Dynkin
diagram of G, then it defines a σ-stable Levi factor LI of some σ-stable standard parabolic
subgroup containing B. We fix an isomorphism between LI and a direct product of some
smaller general linear groups. It has at most one σ-stable direct factor, denoted by L0, and
so LI  L0 × L1 so that σ non-trivially permutes the direct factors of L1. All σ-stable standard
Levi subgroup corresponds to such an I. We associate a quadratic-unipotent character χ0 to
LF0 , and a pair of characters, with semi-simple parts αi and α
−1
i
respectively, to each pair of
direct factors of L1 that are exchanged by σ. By defining the unipotent parts of the character
in a way compatible with the action of σ, we obtain a σ-stable character of LF1 , denoted by χ1.
Then RG
L
(χ0 ⊠ χ1) is a σ-stable irreducible character of GF (for suitable αi’s), and all σ-stable
irreducible characters of GLn(q) are obtained this way. We will calculate the extension of
χL = χ0 ⊠ χ1 to LF.σ, and then apply the map RG.σL.σ . Note that if we regard χ as induced from
(M, θ, ϕ) following Theorem 1, thenM is not necessarily σ-stable.
Extensions of σ-Stable Characters.
The extension of the quadratic-unipotent part determined, the problem is reduced to the
following.
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Problem. Put L1 = G0 × G0, G0 = GLm(k), and let σ0 be an automorphism of G0 of order 2.
Denote by F0 the Frobenius of GLm(k) that sends each entry to its q-th power. Define an
automorphism σ of L1 by
(6) (g, h) 7−→ (σ0(h), σ0(g)),
and a Frobenius F by
• Linear Case: (g, h) 7−→ (F0(g), F0(h)),
• Unitary Case: (g, h) 7−→ (F0(h), F0(g)).
The problem is to decompose the extension of a σ-stable irreducible character of LF1 to L
F
1 .<σ>
as a linear combination of Deligne-Lusztig characters.
Let us first look at the linear case. We have LF1 = G
F0
0 × GF00 . Let χ be a unipotent character
of GF00 . Then χ ⊠ χ ∈ Irr(LF1) is σ-stable. In order to calculate its extension, we separate σ into
two automorphisms, one sending (g, h) to (σ0(g), σ0(h)), the other one, denoted by τ, sending
(g, h) to (h, g). Denote by χ˜ an extension of χ toGF00 <σ0>. Consider the τ-stable character χ˜⊠ χ˜
of GF00 <σ0>×GF00 <σ0>. Its extension to (GF00 <σ0>×GF00 <σ0>) ⋊<τ> restricts to an irreducible
character χ¯ of LF1 .<σ>, regarded as a subgroup of (G
F0
0 <σ0>×GF00 <σ0>) ⋊<τ>. This gives an
extension of χ ⊗ χ. Some linear algebra calculation shows that χ¯((g, h)σ) = χ(gσ0(h)). The
latter is the value of a character of GLn(q).
The unitary case is a little more complicated and relies on the result of the linear case. In
this case, LF1  G
F20
0 , and the action of σ on G
F20
0 is given by g 7→ σ0F0(g), which can be thought
of as another Frobenius endomorphism. That is where the Shintani descent intervenes,
which relates the functions on G
F20
0 .σ0F0 to the functions on G
σ0F0
0 .F
2
0. Note that (σ0F0)
2 = F20
acts trivially on Gσ0F00 . We know how to calculate the characters of G
σ0F0
0  GL
−
m(q), which
extends trivially to Gσ0F00 .F
2
0. Thus, we obtain the extension of a character to L
F
1 .σ. The result
is as follows.
Let θ1 be a σ-stable linear character of LF1 and let ϕ ∈ Irr(WσL1)
F. Note that a σ-stable linear
character extends trivially to LF1 .σ, and thatW
σ
L1
is in fact a product of symmetric groups.
Theorem 3. Let χL1 be a σ-stable irreducible character of L
F
1 defined by (θ, ϕ). Then, for some choice
of ϕ˜, the extension of χL1 to L
F
1.σ is given up to a sign by
(7) RL1.σϕ θ˜1 = |WσL1 |
−1
∑
w∈Wσ
L1
ϕ˜(wF)RL1.σ
Tw.σ
θ˜1.
Combined with the preceding theorem, it gives the main theorem below.
According to the parametrisation of σ-stable characters, each χ ∈ Irr(GLn(q))σ is of the
form RG
L
(χ0 ⊠ χ1), where L  L0 × L1 is a σ-stable and F-stable Levi factor of some σ-stable
parabolic subgroup, χ0 is a quadratic-unipotent character ofLF0 andχ1 is aσ-stable irreducible
character of LF1 whose semi-simple part and unipotent part are defined by θ1 ∈ Irrreg(LF1) and
ϕ ∈ Irr(Wσ
L1
) respectively. The notations of Theorem 2 are used in the following theorem.
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Main Theorem. For some choice of ϕ˜, the extension of χ is up to a sign given by
(8) χ˜|GF.σ = |WσL1 ×W+ ×W−|
−1
∑
(w,w+,w−)∈WσL1×W+×W−
ϕ˜(wF)ϕ+(w+)ϕ−(w−)RG.σ(Tw×Lw).σ(θ˜1⊠˜φw).
The symbol ⊠˜, which we define in §9.1, signifies some kind of tensor product on the
component (Tw × Lw).σ.
Green Functions.
We remark that in RL0.σ
Lw.σ
φw appears the generalised Green functions defined on the cen-
traliser of a semi-simple element in LF0 .σ, which is in general a product of GL
±
m(q), Sp2m(q),
SO2m+1(q) and SO±2m(q), where the negative sign means that the Frobenius is twisted by a
graph automorphism of order 2. The Green functions of finite classical groups were first
tackled in [S83]. In [L85, V], Lusztig gives an algorithm of calculating the generalised Green
functions of classical groups. The values of the (generalised) Green functions have since
been computed by various people, and we will not make explicit theirs values except in the
examples.
Organisation of the Article.
In Section 1, we recall many results on finite classical groups that will be used in the
computation of the character table. In Section 2 and 3, we recall some results on non-
connected linear algebraic groups and the theory of Deligne-Lusztig induction for the finite
groups that arise from non-connected groups. These results will be used throughout the
article. In Section 4,we specialise to the groupGLn(q)⋊<σ>andgive someexplicit information
on this group. In Section 5 and 6, we give the parametrisation of σ-stable irreducible
characters of GLn(q) and the conjugacy classes contained in GLn(q).σ. The parametrisations
are give in terms of some very explicit combinatorial data. In section 7, we collect some
information on the eigenvalues of the Frobenius endomorphismon intersection cohomology
groups of Deligne-Lusztig varieties and recall some results on Shintani descent. In Section
8 we recall some general results on character sheaves and give some examples in the case
that we are interested in. The contents of Section 7 and 8 will only be used in Section 9,
where we essentially prove the main theorem, which is stated in Section 11. In Section 10,
we tackle a particular problem in the computation of Deligne-Lusztig inductions, namely
the determination of the set {h ∈ GLn(q) | hsσh−1 ∈M.σ} for some semi-simple element sσ and
some Levi subgroupM. We give a procedure to reduce the problem to some computations
in Weyl groups. This allows us to write the formula in the main theorem in terms of purely
combinatorial data. In the last section, we explicitly determine the complete character table
of GLn(q) ⋊<σ>for n = 2 and 3.
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THE CHARACTER TABLE OF GLn(Fq) ⋊<σ> 9
for carefully reading the first four sections and giving many comments. I thank Prof. Jean
Michel for answering some questions.
1. Finite Classical Groups
1.1. Partitions and Symbols.
1.1.1. We denote byPn the set of all partitions of the integer n ≥ 0 and byP the union⊔nPn.
A partition is written as λ = (λ1 ≥ λ2 ≥ · · · ), a decreasing sequence of positive integers, or
as λ = (1m1 , 2m2 , . . .) wheremi is the multiplicity of i that appears in λ. Each λi is called a part
of λ. We denote by |λ| the size of λ and l(λ) the length of λ. For any integer e ≥ 1, we denote
by Pn(e) the set of all e-partitions of n, i.e. the e-tuples of partitions (λ(1), . . . , λ(e)) ∈ Pe (direct
product of e copies) satisfying
∑
i |λ(i)| = n. In the cases that concern us, e = 2.
1.1.2. A partition λ = (1m1 , 2m2 , . . .) is called symplectic if mi is even for every odd i. To each
symplectic partition λ we associate a finite set κ(λ) := {i even|mi > 0} and put κ(λ) = |κ(λ)|.
We denote by Pspn ⊂ Pn the subset of symplectic partitions. A partition λ = (1m1 , 2m2 , . . .) is
called orthogonal if mi is even for every even i. To each orthogonal partition λwe associate a
finite set κ(λ) := {i odd|mi > 0} and put κ(λ) = |κ(λ)|. We denote by Portn ⊂ Pn the subset of
orthogonal partitions. We may omit λ from the notation κ(λ) or κ(λ) if no confusion arises.
The orthogonal partitions with κ = 0 are called degenerate. The subset of non degenerate
partitions of n is denoted by Port,ndn and that of degenerate partitions is denoted by Port,dn .
1.1.3. Given a partition λ, we take r ≥ l(λ), and we put δr = (r − 1, r − 2, . . . , 1, 0). Let
(2y1 > · · · > 2yl0 ) and (2y′1 + 1 > · · · > 2y′l1 + 1) be the even parts and the odd parts of λ + δr,
where the sum is taken term by term and λ is regarded as an decreasing sequence of integers
(λi)i with λi = 0 for i > l(λ). Denote by λ(0) the partition defined by λ
(0)
k
= yk − l0 + k and
denote by λ(1) the partition defined by λ(1)
k
= y′
k
− l1 + k. Then (λ(0), λ(1))r is a 2-partition that
depends on r. Changing the value of rwill permutes λ(0) and λ(1). The 2-quotient of λ is then
the unordered pair of partitions (λ(0), λ(1)).
Denote by λ′ the partition that has as its parts the numbers 2s + t, 0 ≤ s ≤ lt − 1, t = 0, 1.
We have l(λ′) = l(λ). The 2-core of λ is the partition defined by (λ′
k
− l(λ) + k)1≤k≤l(λ) . It is
independent of r and, if non trivial, is necessarily of the form (d, d − 1, . . . , 2, 1), for some
d ∈ Z>0. Fixing r, the above constructions give a bijection between the partitions of n with
the same 2-core and the 2-partitions of (n − r)/2.
1.1.4. We refer to [L84a] for the notion of symbols.
Fix an even positive interger N. A symbol of symplectic type is the equivalence class of
ordered pairs (A,B) with A a finite subset of {0, 1, 2, . . .} and B a finite subset of {1, 2, 3, . . .}
satisfying the following conditions
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(a) For any integer i, the set {i, i + 1} is contained neither in A nor in B;
(b) |A| + |B| is odd;
(c)
∑
a∈A a +
∑
b∈B b = 12N +
1
2 (|A| + |B|)(|A| + |B| − 1);
under the equivalence that identifies (A,B) and ({0} ∪ (A + 2), {1} ∪ (B + 2)). The set of these
symbols is denoted byΨsp
N
.
Fix a positive integer N > 2. A symbol of orthogonal type is the equivalence class of the
unordered pairs (A,B) of finite subsets of {0, 1, 2, . . .} satisfying the following conditions
(a) For any integer i, {i, i + 1} is contained neither in A nor in B;
(c)
∑
a∈A a +
∑
b∈B b = 12N +
1
2 ((|A| + |B| − 1)2 − 1);
under the equivalence that identifies (A,B) and ({0} ∪ (A + 2), {0} ∪ (B + 2)). The set of these
symbols is denote byΨort
N
. A symbol of orthogonal type is called degenerate if it is of the form
(A,A). The subset of non degenerate symbols is denoted by Ψort,nd
N
and that of degenerate
symbols is denoted byΨort,d
N
.
Two symbols are similar if they admit representatives (A,B) and (A′,B′) such that A ∪ B =
A′ ∪ B′ and A ∩ B = A′ ∩ B′.
1.1.5. To each symplectic partition is associated a similarity class of symbols of symplectic
type in the following manner. Let λ be such a partition and let r be an integer such that
2r ≥ l(λ). Denote by (2y1 > · · · > 2yr) and (2y′1 + 1 > · · · > 2y′r + 1) the even parts and the
odd parts of λ + δ2r. One can verify that there are indeed r even parts and r odd parts. Put
A = {0} ∪ {y′
k
+ r + 2 − k | 1 ≤ k ≤ r} and put B = {yk + r + 1 − k | 1 ≤ k ≤ r}. Then (A,B) is a
symplectic symbol, whose similarity class is independent of r.
To each orthogonal partition is associated a similarity class of symbols of orthogonal type
in the following manner. Let λ be such a partition and let r be an integer such that r ≥ l(λ).
Denote by (2y1 > · · · > 2y[r/2]) and (2y′1 + 1 > · · · > 2y′[(r+1)/2] + 1) the even parts and the odd
parts of λ+ δr. One can verify that there are indeed [r/2] even parts and [(r+ 1)/2] odd parts.
Put A = {0} ∪ {y′
k
+ [(r + 1)/2] − k | 1 ≤ k ≤ r} and B = {yk + [r/2] − k | 1 ≤ k ≤ r}. Then (A,B) is
a symbol of orthogonal type, whose similarity class is independent of r.
The above constructions define a bijection between Psp
N
(resp. Port
N
) and the similarity
classes inΨsp
N
(resp. Ψort
N
). (cf. [L84a, §11.6, §11.7].)
1.2. Weyl Groups. Some basic facts about Weyl groups of type Bm, Cm and Dm.
1.2.1. Fix a positive integerm. Denote byw0 the permutation (1,−1)(2,−2) · · · (m,−m) of the
set
I = {1, . . . ,m,−m, . . . ,−1}.
The set of permutations of I that commute with w0 is identified with (Z/2Z)m ⋊Sm. This is
the Weyl group of type Bm and Cm, which will be denoted by WCm. We will identify Z/2Z
with µ2, the multiplicative 2-element group, and denote its elements by ±1. An element of
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W
C
m can be written as
w = ((ǫ1, . . . , ǫm), τ) ∈ (Z/2Z)m ⋊Sm,(1.2.1.1)
with ((1, . . . , 1, ǫi, 1, . . . , 1), 1), ǫi = −1 being the permutation (i,−i), and ((1, . . . , 1), τ) being the
permutation
i 7→ τ(i), −i 7→ τ(−i) = −τ(i).
1.2.2. The permutation τ is decomposed into cycles τ = cI1 · · · cIl , where the disjoint subsets
Ir ⊂ {1, . . . ,m} form a partition of {1, . . . ,m} and cIr is a circular permutation of the indices in
Ir. The permutation τ determines a partition (τ1, . . . , τl) ofm, also denoted by τ, with τr = |Ir|
for any 1 ≤ r ≤ l, where l = l(τ) is the length of the partition.
For all 1 ≤ r ≤ l, put ǫ¯r =
∏
k∈Ir ǫk and ǫr = (ǫk)k∈Ir . Define the permutations
(1.2.2.1) τ(0) =
∏
ǫ¯r=1
cIr , τ
(1)
=
∏
ǫ¯r=−1
cIr ,
so that τ = τ(0)τ(1). Also denote by τ(0) = (τ(0)r ) and τ
(1) = (τ(1)r ) the associated partitions. We
then have a 2-partition (τ(0), τ(1)), which determines the conjugacy class of w. We sometimes
call it a signed partition of n. The conjugacy classes and irreducible characters of WCm are
both parametrised by by the 2-partitions of size n. Write l0 = l(τ(0)), and l1 = l(τ(1)).
1.2.3. The Weyl group of typeDm, denoted byWDm, is the subgroup ofW
C
m consisting of the
elements ((ǫ1, . . . , ǫm), τ) such that
∏
ǫi = 1. For any positive integer a, let
sgn :WCa → {±1}
be themap whose kernel isWDa . The parametrisation of the conjugacy classes ofW
D
m is given
as follows. (See [Ca, Proposition 25]) Let τ be a signed partition. If each part of τ is even
and the ǫ¯r’s are all equal to 1, then the conjugacy class ofWCm corresponding to τ splits into
two classes ofWDm. Otherwise, this conjugacy class restricts to one single class ofW
D
m if it is
non-empty.
Suppose we have fixed a maximal torus contained in a Borel subgroup of SO2m(k), which
defines a set of simple roots {e1 − e2, . . . , em−1 − em, em−1 + em}. The element ((1, . . . , 1,−1), 1),
which belongs toWCm \WDm, can be realised as an element of O2m(k) \ SO2m(k). Its conjugation
action on SO2m(k) permutes the two simple roots em−1 − em and em−1 + em, and thus induces
a non-trivial graph automorphism.
1.2.4. Let m0 and m be some non negative integers and put n = 2m + m0. Let L be a
Levi subgroup of G = Spn(k) (resp. SOn(k)) which is isomorphic to Spm0(k) × (k∗)m (resp.
SOm0(k) × (k∗)m), thenNG(L)/L is isomorphic toWCm if m0 > 0. If m0 = 0, then NG(L)/L WDm.
1.3. UnipotentClasses andCentralisers. Theparametrisationofunipotent conjugacy classes
of finite classical groups is well known. We refer to ([LiSe, Chapter 3, Chapter 7]) for a more
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complete survey. In this paragraph, G will be one of the groups GLn(k), Spn(k), SOn(k) and
On(k). If the Frobenius F is split, we denote byGLn(q), Spn(q), SOn(q) and On(q) the associated
finite groups, and if F induces a graph automorphismof order 2, we denote byGL−n (q), SO
−
n (k)
and O−n (k) (only when n is even for the orthogonal groups) the associated finite groups. We
will use the notations SOǫn(k) and O
ǫ
n(k) for all n, understanding that ǫ can be "−" only if n is
even and that "+" corresponds to the split groups.
1.3.1. Theunipotent classes ofGLn(k) are parametrisedbyPn, with the sizes of Jordanblocks
given by the corresponding partition. The unipotent classes of Spn(k) are parametrised by
Pspn , and so in bijection with the similarity classes ofΨspn . These are represented by the Jordan
matrices in GLn(k) that belong to Spn(k). The unipotent classes of On(k) are parametrised
by Portn , and so in bijection with the similarity classes of Ψortn (k). These are represented by
the Jordan matrices in GLn(k) that belong to On(k). A unipotent class of On(k) is called
degenerate if the corresponding partition is degenerate. A unipotent class of On(k) splits into
two SOn(k)-classes if and only if it is degenerate, and restricts to one single SOn(k)-class if
otherwise. A degenerate partition alone forms a similarity class. ([L84a, 13.4(c)]).
1.3.2. Let u be a unipotent element in G, associated to the partition λ = (1m1 , 2m2 , . . .). In
general, we have CG(u) = VR, where V is the unipotent radical of CG(u), whence an affine
space, andR is a reductive groupgiven as follows. For any symplectic or orthogonalpartition
λ, let κ be the κ(λ) defined in §1.1.2.
If G = GLn(k), then
R 
∏
{i|mi>0}
GLmi .
In particular, CG(u) is connected.
If G = Spn(k), then
R 
∏
i odd
Spmi ×
∏
i even
Omi .
So CG(u)/CG(u)◦  (Z/2Z)κ.
If G = On(k), then
R 
∏
i odd
Omi ×
∏
i even
Spmi .
So CG(u)/CG(u)◦  (Z/2Z)κ. If G = SOn(k), then we have R ∩ SOn(k) instead, with the same
V (cf. [LiSe, Lemma 3.11]).
In the case G = On(k), an element z ∈ CG(u) belongs to SOn(k) if and only if its equivalence
class z¯ = (e1, . . . , eκ) ∈ CG(u)/CG(u)◦ satisfies
∑
i ei = 0. So CSO(u)  (Z/2Z)κ−1 if κ > 0. (See
[LiSe, §7.1] for these assertions.)
In either of the cases Spn(q), SO
±
n (q), if we fix an F-stable representative u of an arbitrary
F-stable unipotent class, then F acts trivially on CG(u)/CG(u)◦ ([S07, §4.1]). It follows that if
the G-conjugacy class of u contains an F-stable element, then it contains one single GF-class
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if G = GLǫn(k), 2
κ GF-classes if G = Spn(k), and 2
κ−1 GF-classes if G = SOǫn(k) as long as κ > 0.
The G-conjugacy class of u does not contain any element of GF only when G = O−n (q) and
κ(λ) = 0. IfG = O+n (q) and κ(λ) = 0, the correspondingG-conjugacy class contains one single
GF-class, which splits into two classes for the conjugation by SOn(q). These two classes are
called degenerate.
Fixing an F-stable unipotent conjugacy class which corresponds to the partition λ, then
the centraliser of an F-stable element in this conjugacy class is of the form VFRF, where
VF  FdimVq and R
F is given as follows.
If G = GLǫn(q), then
RF 
∏
GLǫmi(q).
If G = Spn(q), then
RF 
∏
i edd
Spmi(q) ×
∏
i even
Oeimi(q),
for some κ-tuple of signs (ei)i∈κ.
If G = Oǫn(q), then
RF 
∏
i odd
Oeimi(q) ×
∏
i even
Spmi(q),
for some κ-tuple of signs (ei)i∈κ, subject to the condition that
∑
i ei = ǫ.
1.3.3. If we fix an F-stable representative in each F-stable unipotentG-conjugacy class, then
the unipotent conjugacy classes in GF are in bijection with one of the sets:
Ψ
sp
n :=
⊔
λ∈Pspn
(Z/2Z)κ(λ), if GF = Spn(q);
Ψ
ort,+
n :=
⊔
λ∈Port,ndn
(Z/2Z)κ(λ)−1 ⊔
⊔
λ∈Port,dn
({pt} ⊔ {pt}), if GF = SO+n (q);
Ψ
ort,−
n :=
⊔
λ∈Port,ndn
(Z/2Z)κ(λ)−1, if GF = SO−n (q).
WriteΨsp =
⊔
n∈Z≥0 , n evenΨ
sp
n andΨ
ort,η
= ⊔n∈Z≥0Ψort,ηn , where nmust be even if η = −.
1.3.4. We take u and λ as above. We have dimSpn(k) = n(n + 1)/2, dimSOn(k) = n(n − 1)/2,
and the following formulas.
dimCGL(u) =
∑
i
im2i + 2
∑
i< j
imim j(1.3.4.1)
dimCSp(u) =
1
2
∑
i
im2i +
∑
i< j
imim j +
1
2
∑
i odd
mi(1.3.4.2)
dimCSO(u) =
1
2
∑
i
im2i +
∑
i< j
imim j − 12
∑
i odd
mi(1.3.4.3)
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For the unipotent radicals, we have,
dimV(u) =
∑
i
(i − 1)m2i + 2
∑
i< j
imim j, if G = GLn(k),(1.3.4.4)
dimV(u) =
1
2
∑
i
(i − 1)m2i +
∑
i< j
imim j +
1
2
∑
i even
mi, if G = Spn(k),(1.3.4.5)
dimV(u) =
1
2
∑
i
(i − 1)m2i +
∑
i< j
imim j +
1
2
∑
i even
mi, if G = SOn(k).(1.3.4.6)
The cardinality of finite classical groups is as follows.
|GLn(q)| = qn(n−1)/2
n∏
i=1
(qi − 1),(1.3.4.7)
|GL−n (q)| = qn(n−1)/2
n∏
i=1
(qi − (−1)i),(1.3.4.8)
| Sp2m(q)| = qm
2
m∏
i=1
(q2i − 1),(1.3.4.9)
| SO2m+1(q)| = qm2
m∏
i=1
(q2i − 1),(1.3.4.10)
| SO2m(q)| = qm(m−1)(qm − 1)
m−1∏
i=1
(q2i − 1),(1.3.4.11)
| SO−2m(q)| = qm(m−1)(qm + 1)
m−1∏
i=1
(q2i − 1).(1.3.4.12)
1.4. Cuspidal Local Systems.
1.4.1. Let G be a connected reductive group. Denote by NG the set of pairs (C,E), which
consists of a unipotentG-conjugacy class and an irreducible G-equivariant local systemE on
C. This is a finite set. We refer to [L84a, Definition 2.4] for the definition of cuspidal pair. If
(C,E) is a cuspidal pair, then E is called a cuspidal local system. The subset ofNG consisting
of cuspidal pairs is denoted byN (0)
G
.
If G = Sp2n(k), then there is a bijection [L84a, (11.6.1)]
(1.4.1.1) NG ←→ Ψsp2n,
and if G = SON(k) withN being either even or odd, then there is natural map [L84a, (11.7.3)]
(1.4.1.2) NG −→ ΨortN ,
which is a bijection over the subsetΨort,nd
N
.
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1.4.2. Recall the classification of cuspidal local systems on classical groups.
Theorem 1.4.1. ([L84a, Corollary 12.4], [L84a, Corollary 13.4])
(i) Let G = Sp2n(k). There exists a cuspidal pair on G if and only if 2n = d(d + 1) for some non
negative integer d. In this case, the unique element ofN (0)
G
corresponds under (1.4.1.1) to the
symbol
({0, 2, 4, . . . , 2d}, ∅) ∈ Ψsp2n, if d is even,
and corresponds to the symbol
({0}, {1, 3, 5, . . . , 2d + 1}) ∈ Ψsp2n, if d is odd.
In either case, the underlying conjugacy class of the cuspidal pair corresponds to the symplectic
partition (2d, 2d − 2, . . . , 4, 2).
(ii) Let G = SON(k). There exists a cuspidal pair on G if and only if 2n = d2 for some non
negative integer d. In this case, the unique element ofN (0)
G
corresponds under (1.4.1.2) to the
symbol
({0, 2, 4, . . . , 2d − 2}, ∅) ∈ ΨortN .
The underlying conjugacy class of the cuspidal pair corresponds to the orthogonal partition
(2d − 1, 2d − 3, . . . , 3, 1).
1.4.3. Let λ be a symplectic or an orthogonal partition, then the irreducible G-equivariant
local systems on the conjugacy class corresponding to λ is parametrised by the irreducible
representations of (Z/2Z)κ(λ) or (Z/2Z)κ(λ)−1 according to whether λ ∈ Ψsp2n or λ ∈ Ψort,ndN .
Let ̺ be the nontrivial irreducible character ofZ/2Z.
Letλ be the symplectic parition of case (i) of the above theorem. There is a natural bijection
between the similarity class corresponding to λ and the set of subsets of κ(λ) (cf. [L84a, §11.5,
§11.6]), whence the set of irreducible representations of (Z/2Z)κ(λ). If we write an element
of (Z/2Z)κ(λ) as (ei)i∈κ(λ) = (e2, e4, . . . , e2d), then the unique cuspidal local system corresponds
to the representation (1, ̺, 1, ̺, . . .) of (Z/2Z)κ(λ).
Let λ be the orthogonal parition of case (ii) of the above theorem. By [L84a, §11.5,
§11.7], there is a natural bijection between the similarity class corresponding to λ and the
set of irreducible representations of the subgroup of (Z/2Z)κ(λ) consisting of elements (ei)
satisfying
∑
i ei = 0. Denote by ((Z/2Z)
κ(λ))∨ the group of irreducible representations of
(Z/2Z)κ(λ) and let ∆ ⊂ ((Z/2Z)κ(λ))∨ be the subgroup generated by the element (ei)i∈κ(λ) with
ei = ̺ for all i. Then this similarity class is in bijection with ((Z/2Z)κ(λ))∨/∆. If we write an
arbitrary element of (Z/2Z)κ(λ) as (ei)i∈κ(λ) = (e1, e3, . . . , e2d−1), then the unique cuspidal local
system is represented by the representation (̺, 1, ̺, 1, . . .) of (Z/2Z)κ(λ).
2. Non-Connected AlgebraicGroups
THE CHARACTER TABLE OF GLn(Fq) ⋊<σ> 16
2.1. Quasi-Semi-Simple Elements. We say that a not necessarily connected algebraic group
G is reductive if G◦ is reductive. In this section we denote by G such a group and denote by
F the Frobenius endomorphism.
2.1.1. An automorphism of G◦ is quasi-semi-simple if it leaves stable a pair consisting of a
maximal torus and a Borel subgroup containing it. An element of G is quasi-semi-simple if
it induces by conjugation a quasi-semi-simple automorphism of G◦. Let (T◦, B◦) be a pair
consisting of a maximal torus and a Borel subgroup containing it. Put B = NG(B◦) and
T = NG(B◦,T◦) to be the normalisers. By definition, an element of G is quasi-semi-simple if
and only if it belongs to T for some B◦ and T◦.
Every semi-simple element is quasi-semi-simple ([St, Theorem 7.5]). Every element of G
normalises some Borel subgroup of G◦. Let s ∈ G be a quasi-semi-simple element, every
s-stable (for the conjugation) Borel subgroup contains some s-stable maximal torus. Every
s-stable parabolic subgroup of G◦ contains some s-stable Levi factor ([DM94, Proposition
1.11] ). However, an s-stable Levi subgroup of G◦ is not necessarily an Levi factor of some
s-stable parabolic subgroup.
Let G1 , G◦ be a connected component of G, and let s ∈ G1 be a quasi-semi-simple
element. Fix an s-stable maximal torus T◦ contained in some s-stable Borel subgroup of G◦.
The quasi-semi-simple G◦-conjugacy classes in G1 are then described as follows.
Proposition 2.1.1. ([DM18][Proposition 1.16]) Every quasi-semi-simple G◦-conjugacy class in G1
has a representative in CT◦(s)◦.s. Two elements ts and t′s with t, t′ ∈ CT◦(s)◦, represent the same class
if and only if t and t′, when passing to the quotient T◦/(T◦, s), belong to the same Ws-orbit, where
(T◦, s) is the commutator, which is preserved by Ws := {w ∈WG◦(T◦) | sws−1 = w}.
2.1.2. Let L◦ be a Levi factor of some parabolic subgroup P◦ ⊂ G◦. Put P = NG(P◦) and
L = NG(P◦, L◦) to be the normalisers. According to [Spr, Lemma 6.2.4], P is a parabolic
subgroup of G, in the sense that G/P is proper. Suppose that the Levi decomposition of P◦
is given by P◦ = U ⋊ L◦, where U is the unipotent radical of P◦, then P = U ⋊ L. (See [DM94,
Proposition 1.5]) In particular, L is a Levi factor of P. (For an arbitrary linear algebraic group
G, a Levi factor H of G is a closed subgroup such that G = Ru(G) ⋊H.)
2.1.3. If s ∈ G is a quasi-semi-simple element, then the connected centraliser H = CG(s)◦
is reductive. ([Spa, §1.17]) If the pair (T◦, B◦) consists of an s-stable maximal torus and an
s-stable Borel subgroup of G◦ containing it, then CB◦(s)◦ is a Borel subgroup of H containing
the maximal torus CT◦(s)◦ ([DM94, Théorème 1.8(iii)]). More generally, we have
Proposition 2.1.2. For s and H as above, we have
(i) If (L◦, P◦) is a pair consisting of an s-stable Levi subgroup and an s-stable parabolic subgroup
containing it as a Levi factor, then CP◦(s)◦ is a parabolic subgroup of H, with CL◦(s)◦ as a
Levi factor.
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(ii) If L′ is the Levi factor of a parabolic subgroup P′ ⊂ H, then there exists an s-stable parabolic
subgroup P ⊂ G◦ such that CP(s)◦ = P′, and an s-stable Levi factor L of P such that
CL(s)◦ = L′.
Remark 2.1.3. The groups P and L in this proposition are not necessarily unique in general.
See however Proposition 2.2.1.
Proof. The first part is [DM94, Proposition 1.11]. Given L′ and P′, there exists a cocharacter of
H, say λ, such that L′ = L′
λ
and P′ = P′
λ
, where L′
λ
and P′
λ
are the Levi subgroup and parabolic
subgroup associated to λ. Regarded as a cocharacter of G◦, it defines a Levi subgroup and a
parabolic subgroup Lλ ⊂ Pλ of G◦. They are s-stable since the image of λ commutes with s.
It is clear that L′
λ
= Lλ ∩H and P′λ = Pλ ∩H. 
Proposition 2.1.4. Given L′ as in the preceding proposition, we write L = CG◦(Z◦L′). It is an s-stable
Levi factor of some s-stable parabolic subgroup of G◦, such that L′ = CL(s)◦. If M ⊂ G◦ is an s-stable
Levi factor of some s-stable parabolic subgroup, such that L′ ⊂M, then L ⊂M.
The proof is completely analogous to [L03, §2.1] where the assertion is proved for s
semi-simple.
Proof. We can find a cocharacter χ : k∗ → Z◦
L′ such that L = CG◦(χ(k
∗)). As in the preceding
proposition, we see that L is an s-stable Levi factor of some s-stable parabolic subgroup.
Since L′ = CH(Z◦L′), we have CL(s)
◦ = L′.
Note that M′ := (M ∩ H)◦ = CM(s)◦ is a Levi subgroup of H, and that L′ is a Levi
subgroup of H contained in M′. Since (Z◦
M
∩ H)◦ ⊂ ZM′ , whence (Z◦M ∩ H)◦ ⊂ Z◦L′ , whence
CG(Z◦L′) ⊂ CG((Z◦M ∩H)◦). According to ([L03] §1.10), CG((Z◦M ∩H)◦)◦ =M, so L ⊂M. 
Remark 2.1.5. In particular, if T′ ⊂ CG(s)◦ is a maximal torus, then T := CG◦(T′) is the unique
maximal torus ofG◦ containing T′. It is s-stable and contained in an s-stable Borel subgroup,
and we have CT(s)◦ = T′.
Remark 2.1.6. Let M be an s-stable Levi factor of some s-stable parabolic subgroup Q ⊂ G◦
such that CM(s)◦ = L′. Suppose in the proof of the above proposition that the equality
(Z◦
M
∩H)◦ = Z◦
L′ holds, i.e. the s-fixed part of the centre ofM coincides with the centre of the
s-fixed part of M. Then we have M = L by [L03, §1.10]. We will see in Proposition 2.1.8 that
this equality can be satisfied only if s is an isolated element of NG(Q) ∩NG(M).
Remark 2.1.7. It follows from the definition of L that if an element of G normalises L′, then
it normalises L.
2.1.4. A quasi-semi-simple automorphism σ of G◦ is quasi-central if it satisfies the following
condition.
There exists no quasi-semi-simple automorphism of the form σ′ = σ ◦ ad g
with g ∈ G◦ such that dimCG(σ)◦ < dimCG(σ′)◦.
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A quasi-semi-simple element of G is quasi-central if it induces by conjugation a quasi-central
automorphism of G◦.
A quasi-semi-simple element σ ∈ G is quasi-central if and only if there exists a σ-stable
maximal torusT contained in aσ-stable Borel subgroup ofG◦ such that every σ-stable element
ofNG◦(T)/T has a representative in CG(σ)◦([DM94, Théorème 1.15]). Considering the natural
map NCG(σ)◦(CT(σ)
◦)→ NG◦(T), this simply means thatWG◦(T)σ  WCG(σ)◦(CT(σ)◦).
If σ is quasi-central, we will often denote CH(σ) by Hσ.
2.1.5. Let g = gsgu be the Jordan decomposition of an element of G. Write L′(g) = CG(gs)◦
and L(g) = CG◦(Z◦L′). We say that g is isolated in G if L(g) = G
◦. The conjugacy class of
an isolated element will be called isolated. The isolated elements can be characterised as
follows.
Proposition 2.1.8. [L03, §2.2] Let g ∈ G, and put L′ = L′(g) and L = L(g). Then the following
assertions are equivalent.
(i) L = G◦;
(ii) Z◦
L′ = CZG◦ (g)
◦;
(iii) There is no gs-stable proper parabolic subgroup Q ⊂ G◦ with gs-stable Levi factor M such
that L′ ⊂M.
Our definition of isolated element agrees with the definitions in the literatures, due to the
following result, which is not obvious.
Proposition 2.1.9. ([L03, IV. Proposition 18.2]) Let s ∈ G be a semi-simple element and u ∈ G a
unipotent such that su = us. Then su is isolated in G (for the definition in [L03, §2]) if and only if s
is isolated in G.
Therefore, the definition of isolated semi-simple elements coincides with [DM18, Defini-
tion 3.1], where one fixes a maximal torus T, a Borel subgroup B ⊂ G◦ containing T and a
quasi-central element σ ∈ NG(T,B), and says that tσ ∈ T.σ is isolated if CG(tσ)◦ is not con-
tained in a σ-stable Levi factor M of a σ-stable proper parabolic subgroup Q of G◦. Note
that in this definition, M necessarily contains T because CM(tσ)◦ contains CT(tσ)◦. Let us
also recall that (cf. [DM18, Definition 3.12]), an element tσ is quasi-isolated if CG(tσ) is not
contained in a σ-stable Levi factor of a σ-stable proper parabolic subgroup of G◦.
2.2. Parabolic Subgroups and Levi Subgroups.
2.2.1. Recall that in the setting of Proposition 2.1.2, one does not have a bijection in general.
Proposition 2.2.1. ([DM94, Corollaire 1.25]) Let σ be a quasi-central automorphism of G◦.
(1) The map P 7→ (Pσ)◦ defines a bijection between the σ-stable parabolic subgroups of G◦ and
the parabolic subgroups of (Gσ)◦.
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(2) Then map L 7→ (Lσ)◦ defines a bijection between the σ-stable Levi factors of σ-stable parabolic
subgroups of G◦ and the Levi subgroups of (Gσ)◦.
Considering the fact that WG◦(T)σ = W(Gσ)◦((Tσ)◦), the bijection is obtained at the level of
Weyl groups.
2.2.2. The following propositions will be useful.
Proposition 2.2.2. ([DM94, Proposition 1.6]) Let σ be a quasi-semi-simple element of G and let
(L◦,P◦) be a pair consisting of a Levi subgroup of G◦ and a parabolic subgroup that contains it as
a Levi factor. If the G◦-conjugacy class of (L◦,P◦) is σ-stable, then there exists x ∈ G◦ such that
(xL◦x−1, xP◦x−1) is σ-stable.
Proposition 2.2.3. ([DM94, Proposition 1.38]) Let σ be an F-stable quasi-central element of G and
let (L◦,P◦) be a pair consisting of an F-stable Levi factor and a parabolic subgroup containing it as
a Levi factor. If the G◦F-conjugacy class of (L◦,P◦) is σ-stable, then there exists x ∈ G◦F such that
(xL◦x−1, xP◦x−1) is σ-stable.
Let L◦ be a Levi factor of some parabolic subgroup P◦ of G◦, put L = NG(L◦,P◦). Let G1 be
a connected component of G. It acts by conjugation on the G◦-conjugacy classes of the pairs
(L◦,P◦). Then LmeetsG1 if and only if the class of (L◦,P◦) is stable for this action. According
to the above propositions, there is a conjugate of (L◦,P◦) that is σ-stable. This means that L
contains σ and so (Lσ)◦ is a Levi subgroup of (Gσ)◦.
Proposition 2.2.4. ([DM94, Proposition 1.40]) Assume that σ ∈ G is quasi-central, F-stable, and
G/G◦ is generated by the component of σ. Then the GF-conjugacy classes of the F-stable groups
L = NG(L◦,P◦) meeting the connected component G◦.σ are in bijection with the ((Gσ)◦)F-conjugacy
classes of the F-stable Levi subgroups of (Gσ)◦ in the following manner. Each L has has a GF-conjugate
L1 containing σ, and the bijection associates the ((Gσ)◦)F-class of ((L1)σ)◦ to the GF-class of L.
This gives in particular the classification of theGF-conjugacy classes of the F-stable groups
of the form T = NG(T◦,B◦).
3. Generalised Deligne-Lusztig Induction
3.1. Induction for Connected Groups. We recall some generalities on the Deligne-Lusztig
induction for connected reductive groups. In this section we assume G to be connected. If X
is an algebraic variety over k, we denote by Hic(X) the i-th cohomology group with compact
support with coefficient in Q¯ℓ, and we denote by H∗c(X) =
⊕
(−1)iHic(X) the virtual vector
space. For a finite group H, denote by C(H) the set of the invariant Q¯ℓ-valued functions on
H.
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3.1.1. Let L be an F-stable Levi factor of some parabolic subgroup P ⊂ G not necessarily
F-stable. The Levi decomposition writes P = LU. Put L−1
G
(U) = {x ∈ G|x−1F(x) ∈ U}. Then
GF acts on L−1
G
(U) by left multiplication and LF acts by right multiplication. This induces a
GF× (LF)op-module structure onHic(L−1G (U)) for any i. Let θ ∈ C(LF), then the Deligne-Lusztig
induction of θ, denoted by RG
L
θ, is the invariant function on GF defined by
(3.1.1.1) RGLθ(g) = |LF|−1
∑
l∈LF
θ(l−1) Tr((g, l)|H∗c(L−1(U)), for any g ∈ GF.
It does not depend on the choice of P if q , 2 (cf. [DM20, §9.2]). The functions of the form
RG
L
θwith L being a maximal torus are called Deligne-Lusztig characters.
3.1.2. The Green function is defined on the subset of unipotent elements in the following
manner.
QGL (−,−) : GFu × LFu −→ Z
(u, v) 7−→ Tr((u, v)|H∗c(L−1G (U))).
(3.1.2.1)
The calculation of the Deligne-Lusztig induction is reduced to the calculation of the Green
functions. If g = su is the Jordan decomposition of g ∈ GF, we have the character formula
([DM91, Proposition 12.2]),
(3.1.2.2) RGLθ(g) = |LF|−1|CG(s)◦F|−1
∑
{h∈GF |s∈hL}
∑
{v∈ChL(s)◦Fu }
Q
CG(s)◦
ChL(s)
◦(u, v
−1) hθ(sv),
where hL = h−1Lh and hθ(sv) = θ(hsvh−1). The Green functions are sometimes normalised in
such a way that the factor |LF|−1 is removed from the above formula.
3.1.3. We will need the following simple lemmas. Let σ be an automorphism of G that
commutes with F. If L ⊂ G is an F-stable Levi subgroup, then we also denote by σ the
isomorphism LF → σ(L)F and the isomorphismWL(T)→ Wσ(L)(σ(T)) for an F-stable maximal
torus T.
Lemma 3.1.1. Let M ⊂ G be an F-stable Levi subgroup and let θ be a character of MF. Then the
character (RG
M
θ) ◦ σ−1 is equal to RG
σ(M)σ∗θ.
Proof. Let Q be a parabolic subgroup containingM such that Q = MUQ. Then σ(L−1(UQ)) =
L−1(σ(UQ)) as F commutes with σ, and so
Tr((σ(g), σ(l))|H∗c(L−1(σ(UQ))) = Tr((g, l)|H∗c(L−1(UQ))
for any g ∈ GF and l ∈MF. The assertion then follows from the definition of RG
M
θ. 
Lemma 3.1.2. Assume that χ ∈ Irr(GLn(q)) is of the form RGϕθ for a triple (M, ϕ, θ) as in Theorem
1. Then , the character χ ◦ σ−1 is of the form RGσ∗ϕσ∗θ for a triple (σ(M), σ∗ϕ, σ∗θ).
THE CHARACTER TABLE OF GLn(Fq) ⋊<σ> 21
Proof. Since F commutes with σ, we can define Tσ(w) to be σ(Tw) and so by the definition of
RGϕθ, the lemma follows from the equality R
G
σ(Tw)
σ∗θ(g) = RGTwθ(σ
−1(g)). 
3.2. Induction for Non Connected Groups. We will assume that G/G◦ is cyclic, and fix
σ ∈ G quasi-central and F-stable such thatG/G◦ is generated by the component of σ. Wemay
write G = G◦.<σ>.
3.2.1. Given an F-stable Levi factor L◦ of some parabolic subgroup P◦ not necessarily F-
stable that is decomposed as P◦ = L◦U, we put L and P to be the normalisers defined in
§2.1.1. PutL−1
G
(U) = {x ∈ G|x−1F(x) ∈ U} andL−1
G◦(U) = {x ∈ G◦|x−1F(x) ∈ U}. ThenGF× (LF)op
acts onL−1
G
(U), andH∗c(L−1G (U)) is thus a GF× (LF)op-module. For θ ∈ C(LF), the (generalised)
Deligne-Lusztig induction of θ is defined by,
(3.2.1.1) RGLθ(g) = |LF|−1
∑
l∈LF
θ(l−1) Tr((g, l)|H∗c(L−1G (U)), for any g ∈ GF.
It does not depend on the choice of P◦ if q , 2. 1 According to Proposition 2.2.4, the
generalised Deligne-Lusztig induction are parametrised by the pairs (L◦,P◦) consisting of
an F-stable and σ-stable Levi factor of some σ-stable parabolic subgroup. Since only those L
that meets G◦.σ interest us, we can assume that L = L◦.<σ>. The restriction of RG
L
to L◦F.σ is
a map C(L◦F.σ) → C(G◦F.σ), that we denote by RG◦.σ
L◦.σ . To simplify the terminology, we may
also call these maps Deligne-Lusztig inductions.
3.2.2. The following lemma shows that the induction thus defined is compatible with that
defined for connected groups.
Lemma 3.2.1. We keep the notations as above. Denote by Res the usual restriction of functions. If
GF = LF.G◦F, then,
(3.2.2.1) ResG
F
G◦F ◦RGL = RG
◦
L◦ ◦ ResL
F
L◦F .
Proof. See [DM94, Corollaire 2.4 (i)]. 
3.2.3. The Green function is defined by
QGL (−,−) : GFu × LFu −→ Z
(u, v) 7−→

0 if uv < G◦
Tr((u, v)|H∗c(L−1G◦(U))) otherwise.
(3.2.3.1)
Note that L−1
G◦(U) is the usual Deligne-Lusztig variety.
1 As is pointed out to be by F. Digne, forG = G◦.<σ>and σ inducing a non trivial automorphism, this is reduced
to the case of connected groups.
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Proposition 3.2.2. (Character Formula, [DM94, Proposition 2.6]) Let L be the normaliser of the
pair (L◦ ⊂ P◦) as above, and let θ be a character of LF. Then for any g ∈ GF with Jordan decomposition
g = su,
(3.2.3.2) RGLθ(g) = |LF|−1|CG(s)◦F|−1
∑
{h∈GF |s∈hL}
∑
{v∈ChL(s)Fu}
Q
CG(s)◦
ChL(s)
◦(u, v
−1) hθ(sv).
This formula will only be used in the following form.
Proposition 3.2.3. ([DM94, Proposition 2.10]) We keep the notations as above, except that θ is
now a σ-stable character of L◦F. Denote by θ˜ an extension of θ to L◦F.σ, and let su be the Jordan
decomposition of gσ, g ∈ G◦F. Then,
(3.2.3.3) RG
◦.σ
L◦.σ θ˜(gσ) = |L◦F|−1|CG(s)◦F|−1
∑
{h∈G◦F |s∈hL}
∑
{v∈ChL(s)Fu}
Q
CG(s)◦
ChL(s)
◦(u, v
−1)hθ˜(sv).
TheGreen functions are sometimes normalised in such a way that the above two formulas
should be multiplied by |ChL(s)◦F|.
3.3. Uniform Functions.
3.3.1. The irreducible characters of GF for connectedG can be expressed as linear combina-
tions of theDeligne-Lusztig inductions of cuspidal functions on various LF. ForG = GLǫn(Fq),
we have Theorem 1 in Introduction. It shows that in this particular case one only needs the
functions RG
T
θ induced from F-stable tori, and the transitionmatrix is given by the characters
of the Weyl group of G. In general, the transition matrix could be more complicated and the
functions induced from the characters of tori are not sufficient. The invariant functions on
GF that are linear combinations of the RG
T
θ’s are called uniform functions.
Recall that for each w ∈ WG, the Weyl group of G, and some w˙ ∈ G representing w, one
can find g ∈ G such that g−1F(g) = w˙, then Tw := gTg−1 is an F-stable maximal torus such
that TFw  T
Fw with Fw := ad w˙ ◦ F. Then w 7→ Tw defines a bijection between the F-conjugacy
classes ofWG and the GF-conjugacy classes of F-stable maximal tori.
3.3.2. Now assume thatG is non connected. LetT ⊂ G◦ be an F-stable and σ-stable maximal
torus contained in a σ-stable Borel subgroup. If θ ∈ Irr(TF) extends into θ˜ ∈ Irr(TF.<σ>), then
RG
◦.σ
T.σ
θ˜ belongs to C(G◦F.σ), the set of Q¯ℓ-valued functions on G◦F.σ that are invariant under
G◦F. A function in C(G◦F.σ) is called uniform if it is a linear combination of functions of the
form RG
◦.σ
T.σ
θ˜.
3.3.3. Let χ˜ be an irreducible character of GF. It is called unipotent if χ := ResG
F
G◦F χ˜ contains
a unipotent character as a direct summand. In this case, ResG
F
G◦F χ is a sum of unipotent
characters, as its summands are GF-conjugate. Denote by
E(G◦F.σ, (1)) = {χ˜|G◦F.σ | χ˜ is a unipotent character}.
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An element of C(G◦F.σ) is called unipotent if it is a linear combination of some elements of
E(GF.σ, (1)), and we denote by C(G◦F.σ, (1)) this subspace. It is clear that the characters RG◦.σ
Tw.σ
1
are unipotent functions, and they are parametrised by the F-conjugacy classes of Wσ. An
element of C(G◦F.σ) is called uniform-unipotent if it is a linear combination of the functions
RG
◦.σ
Tw.σ
1.
3.3.4. A natural question is to identify those elements of E(G◦F.σ, (1)) that are uniform. We
have,
Theorem 3.3.1. ([DM94, Théorème 5.2]) Let G = GLǫn(k) and let WG be the Weyl group defined
by some F-stable and σ-stable maximal torus of G, and so F acts trivially on the σ-fixed part Wσ
G
. For
any ϕ ∈ Irr(Wσ
G
), put
(3.3.4.1) RG.σϕ 1 := |WσG|−1
∑
w∈Wσ◦
ϕ(w)RG.σTw.σ1.
Then, RG.σϕ 1 is an extension of a principal series unipotent representation of G(q).
This gives all uniform-unipotent functions on GLǫn(Fq).σ. It follows that an element of
E(G◦F.σ, (1)) is either uniform or orthogonal to the space of uniform(-unipotent) functions.
3.3.5. ([DM15, Proposition 6.4]) The characteristic functions of quasi-semi-simple classes
are uniform. Consequently, all non uniform characters vanish on the quasi-semi-simple
classes.
4. The Group GLn(k) ⋊Z/2Z
In what follows, we write G = GLn(k).
4.1. Automorphisms of GLn(k).
4.1.1. Let Jn be the matrix
(4.1.1.1) (Jn)i j = δi,n+1− j =

1
...
1

Put t0 = diag(a1, . . . , an) with ai = 1 if i ≤ [(n + 1)/2] and ai = −1 otherwise. Put J′n = t0Jn.
Define the matrices
(4.1.1.2) J =

J′n if n is even
Jn if n is odd
, J′ =

Jn if n is even
J′n if n is odd
The automorphism σ ∈ Aut(GLn(k)) that sends g to Jg−tJ−1 will be called the standard
automorphism. We will denote by σ′ the automorphism defined by replacing J with J′
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in the definition of σ. They are quasi-semi-simple automorphisms because the maximal
torus consisting of the diagonal matrices and the Borel subgroup consisting of the upper
triangular matrices are stable under the action of σ or σ′. Moreover, σ is a quasi-central
involution regardless of the parity of n, while σ′ is not an involution if n is odd and is not
quasi-central if n is even.
4.1.2. The classification of the involutions and the quasi-central automorphisms is well
known.([LiSe, Lemma 2.9] and [DM94, Proposition 1.22]).
The conjugacy classes of involutions are described as follows.
- If n = 2m + 1, the exterior involutions (exterior automorphisms of order 2) are all
G-conjugate and their centralisers are of type Bm.
- If n = 2m > 2, there are two G-conjugacy classes of exterior involutions, with cen-
tralisers of typeCm andDm respectively. If n = 2, the connected centralisers are SL2(k)
and k∗ respectively.
The conjugacy classes of quasi-central automorphisms are described as follows.
- If n = 2m + 1, there are two classes of exterior quasi-central automorphisms, with
centralisers of type Bm and of type Cm respectively.
- If n = 2m, there is one single class of exterior quasi-central automorphisms, with
centraliser of type Cm.
Explicitly,
(4.1.2.1) if n = 2m,

(Gσ)◦  Sp2m(k)
(Gσ
′
)◦  SO2m(k)
, if n = 2m + 1,

(Gσ)◦  SO2m+1(k)
(Gσ
′
)◦  Sp2m(k)
.
Put t = diag(a1, . . . , am, am+1, . . . , a2m) or diag(a1, . . . , am, 1, am+1, . . . , a2m) according to the parity
of n, with ai = i for i ≤ m and ai = −i for i > m, we have
(4.1.2.2)

(Gtσ)◦ = SO2m(k) si n = 2m,
(Gtσ)◦ = Sp2m(k) si n = 2m + 1.
We say that an automorphism is of symplectic type or orthogonal type according to the
type of its centraliser.
4.1.3. We will encounter another type of quasi-central automorphism. Let τ0 be an invo-
lution of G, not necessarily an exterior automorphism. Define an automorphism τ of G × G
by (g, h) 7→ (τ0(h), τ0(g)). It is easy to see from the definition that τ is quasi-central and
CG×G(τ)  G.
4.2. The Group G¯.
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4.2.1. Let H be an abstract group and let τ be an automorphism of finite order of H. By a
τ-conjugacy class ofH, we mean an orbit inH under the action h : x 7→ hxτ(h−1), x, h ∈ H. By
a τ-class function on H, we mean a function that is constant on the τ-conjugacy classes. We
denote by C(H.τ) the set of τ-class functions.
On the other hand, the conjugacy classes of H ⋊<τ>contained in H.τ are identified with
the H-conjugacy classes in H.τ, as τ(h)τ = h−1(hτ)h, which are in turn identified with the
τ-conjugacy classes of H. This justifies the notation C(H.τ).
4.2.2. The semi-direct product G¯ := G ⋊ Z/2Z is defined by an exterior involution. If n
is odd, there is only one class of involutions. It is the class of σ. If n is even, there are
two classes of involutions. Whenever it is necessary to distinguish the two non isomorphic
resulting semi-direct products, we will denote by sG¯ the one defined by the symplectic
type automorphism, i.e. by σ, and denote by oG¯ the one defined by the orthogonal type
automorphisms, i.e. by σ′. We will often denote by σ the element (e, 1) ∈ G¯, although σ is not
acturally an element of G¯.
By definition, σ is a quasi-central element in G.σ.
4.2.3. The character tables of sG¯F and of oG¯F are related in the following manner.
The GF-conjugacy classes in sG¯F \ GF are in bijection with the σ-conjugacy classes in GF,
which are in bijection with the t0σ′-conjugacy classes in GF (See §4.1.1 for t0), which are in
bijection with the GF-conjugacy classes in oG¯F \ GF. More specifically, for any g ∈ GF, the
GF-class of gσ ∈ sG¯F corresponds to the GF-class of gt0σ′ ∈ oG¯F.
Since σ and σ′ differ by an inner automorphism, the set of σ-stable characters coincides
with that of σ′-stable characters. However, the extensionof a σ-stable character to G¯F behaves
differently for sG¯F and oG¯F. Let ρ : GF → GL(V) be a σ-stable irreducible representation of GF.
To find an extension ρ˜ ∈ Irr(sG¯F) of ρ is to define ρ˜(σ) in such away that ρ˜(σ)2 = ρ(σ2) = Id and
ρ˜(σ)ρ(g)ρ˜(σ)−1 = ρ(σ(g)) for all g ∈ GF. Suppose that we have defined such an extension, and
we would like to define ρ˜′ ∈ Irr(oG¯F) by ρ˜′(t0σ′) = ρ˜(σ). For oG¯F, if ρ(− Id) , IdV, the equality
ρ˜(σ)2 = Id would be violated. Consequently, we define instead ρ˜′(t0σ′) = ρ˜(σ)
√
ρ(−1), where
ρ(−1) has as value ± Id regarded as a scalar. Replacing √ρ(−1) by −√ρ(−1) defines another
extension of ρ to oG¯F. We denote by χ˜ and χ˜′ the characters of ρ˜ et ρ˜′ respectively. Then, for
all g ∈ GF,
(4.2.3.1) χ˜′(gt0σ′) = χ˜(gσ)
√
ρ(−1).
Convention 4.2.1. Because of the above discussion, we will also denote by σ the element
t0σ
′ ∈ oG¯F. We will later parametrise the conjugacy classes in oG¯F \ GF with respect to σ
(following Proposition 2.1.1).
Remark 4.2.2. Wehaveρ(−1) = − Id if andonly ifχ(− Id) = −χ(Id). Letmbe the "multiplicity"
of η in the semi-simple part of χ. From Theorem 1 and the character formula (3.1.2.2),
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combined with the parametrisation of σ-stable irreducible characters of GLn(q) that we will
prove later (Proposition 5.2.2 andProposition 5.2.3), we see thatχ(− Id) = η(−1)mχ(Id), which
is equal to −χ(Id) only if m is odd and q ≡ 3 mod 4. In particular, if χ˜ is a uniform function
on GF.σ, in which case mmust be even by Corollary 11.1.2, then ρ(−1) always equals to Id.
Question 4.2.3. If q ≡ 1 mod 4, then the character table of sG¯F and that of oG¯F coincide
under the bijections of characters and conjugacy classes described above. Are these groups
isomorphic? Workingwith finite groups, there might be isomorphisms that are not deduced
from the underlying algebraic groups.
4.3. Quasi-Semi-Simple Elements.
4.3.1. We have said in §2.1 that all semi-simple elements are quasi-semi-simple. For G¯, we
have
Lemma 4.3.1. An element of G¯ is quasi-semi-simple if and only if it is semi-simple.
More generally, ifG is a reductive algebraic group andG/G◦ is semi-simple, then all quasi-
semi-simple elements are semi-simple. (See [DM94, Remarque 2.7]) In positive characteristic,
this is to require that char k ∤ |G/G◦|. We give a short proof below in the particular case of G¯.
Proof. It suffices to show that each quasi-semi-simple element sσ ∈ G.σ is semi-simple. We
see that sσ is semi-simple if and only if (sσ)2 = sσ(s)σ2 is semi-simple, as we have assumed
char k to be odd. Let (T,B) be a pair consisting of a maximal torus and a Borel subgroup
containing it, both normalised by σ. Then every quasi-semi-simple element is conjugate to
an element of (Tσ)◦σ (Proposition 2.1.1), and its square, lies in T, and so is semi-simple. 
Remark 4.3.2. That sσ is semi-simple does not imply that s is so. Let us fix T and B as above,
and write B = TU, where U is the unipotent radical of B. If we take u ∈ U, then uσ(u−1) is a
unipotent element, whereas uσu−1 is semi-simple.
Remark 4.3.3. There is no unipotent element in G.σ because an odd power of sσ lies in G.σ.
4.3.2. Isolated Elements. Define the diagonal matrix
(4.3.2.1) t( j) = diag(
j︷︸︸︷
i, . . . , i, 1, . . . , 1,
j︷     ︸︸     ︷
−i, . . . ,−i) ∈ GLn(k)
The elements t( j)σ, 0 ≤ j ≤ [n/2], are the representatives of the isolated elements (§2.1.5),
except when n is even and j = 1, in which case t( j)σ is quasi-isolated ([DM18, Proposition
4.2]). We have,
CG(t( j)σ)  O2 j(k) × Spn−2 j(k), if n is even;
CG(t( j)σ)  Sp2 j(k) ×On−2 j(k), if n is odd.
(4.3.2.2)
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In particular, when n is even, t( j)σ is quasi-central only if j = 0, and when n = 2m + 1, t( j)σ
is quasi-central only if j = m. Note that our choice of σ for odd n is different from that of
[DM18]. In this article, we will not encounter quasi-isolated elements that are not isolated.
4.4. Parabolic Subgroups and Levi Subgroups.
4.4.1. The parabolic subgroups P ⊂ G such that NG¯(P) meets G.σ are described as follows.
Let P ⊂ G be a parabolic subgroup. The normaliser NG¯(P) meets G.σ if and only if there
exists g ∈ G such that gσ normalises P, if and only if the G-conjugacy classes of P is σ-stable.
According to Proposition 2.2.2, this means that there exists aG-conjugate of P that is σ-stable.
We can then assume that P is σ-stable. Then, there exist a maximal torus and Borel subgroup
containing this torus, both being σ-stable and contained in P. A standard parabolic subgroup
with respect to T and B is σ-stable if and only if the Dynkin subdiagram that defines it is
σ-stable. We conclude that if T is the maximal torus of the diagonal matrices and B is the
Borel subgroup of the upper triangular matrices, then every standard parabolic subgroup
with respect to T ⊂ B such that NG¯(P) meets G.σ has as its unique Levi factor containing T
the group of the form (5.2.2.1).
5. Parametrisation of Characters
5.1. F-Stable Levi Subgroups. Recall the parametrisation of the F-stable Levi subgroups of
G = GLn(k).
5.1.1. Notations. Denote by T ⊂ G the maximal torus consisting of the diagonal matrices
and denote by B ⊂ G the Borel subgroup consisting of the upper triangular matrices. The
Frobenius F of G sends each entry of an matrix to its q-th power. Denote by Φ the root
system defined by T and ∆ ⊂ Φ the set of simple roots determined by B. Denote by
W := WG(T) = NG(T)/T the Weyl group of G. The Frobenius acts trivially on W. Given
a subset I ⊂ ∆, we denote by PI the standard parabolic subgroup defined by I, and LI the
unique Levi factor of PI containing T. A Levi subgroup of the form LI is called a standard
Levi subgroup. Every Levi subgroup is conjugated to a standard Levi subgroup
Proposition 5.1.1. The set of the GF-conjugacy classes of the F-stable Levi subgroups of G = GLn(k)
is in bijection with the set of the unordered sequence of pairs of positive integers (r1, d1) · · · (rs, ds),
satisfying
∑
i ridi = n.
We sketch the proof in order to introduce some notations that will be used later.
sketch of proof. TheG-conjugacy classes of the Levi subgroups are in bijection with the equiv-
alence classes of the subsets I ⊂ ∆. Two subsets I and I′ are equivalent if there is an element
w ∈ W such that I′ = wI. It suffices for us to fix I ⊂ ∆ and only consider the GF-conjugacy
classes of LI. The GF-conjugacy classes of the G-conjugates of LI are in bijection with the
F-conjugacy classes of NG(LI)/LI. Note that F acts trivially on NG(LI)/LI.
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Let ΓI be a finite set such that |ΓI | = dimZLI and we fix an isomorphism ZLI  (k∗)ΓI .
There are positive integers ni, i ∈ ΓI, such that LI 
∏
i∈ΓI GLni . For any r ∈ Z>0, put
ΓI,r := {i ∈ ΓI | ni = r} and put Nr = |ΓI,r|. Then the equivalence class of I ⊂ ∆ is specified
by the sequence (Nr)r>0. It is known that NG(LI)/LI 
∏
rS(ΓI,r), where S(ΓI,r) denotes the
permutation group of the set ΓI,r. The conjugacy classes of NG(LI)/LI are then parametrised
by the partitions of Nr, r ∈ Z>0. The desired sequence (r1, d1) · · · (rs, ds) will then be defined
in such a way that (di)i∈{1≤i≤s|ri=r} forms the corresponding partition of Nr.
Let nLI ∈ NG(LI)/LI be a class representing a GF-class of F-stable Levi subgroup. Then n
acts on ZLI by a permutation w of ΓI. For each r ∈ Z>0, denote by ΛI,r(n) the set of the orbits
in ΓI,r under the action of n and write ΛI(n) = ∪rΛI,r(n). For each i ∈ ΛI(n), put ri = r if
i ∈ ΛI,r(n) and define di to be the cardinality of i. The di’s, for i ∈ ΛI,r(n), form a partition of
|ΓI,r|. The integer s in the statement of the proposition is equal to |ΛI(n)|. 
If L is an F-stable Levi subgroup corresponding to (n1, d1) · · · (ns, ds), then (L, F) is isomor-
phic to a standard Levi subgroup
(5.1.1.1) LI 
∏
i
GLni(k)
di ,
equipped with a Frobenius acting on each factor GLni(k)
di in the following manner,
GLni(k)
di −→ GLni(k)di
(g1, g2, . . . , gdi) 7−→ (F0(gdi ), F0(g1), . . . , F0(gdi−1)),
(5.1.1.2)
where F0 is the Frobenius of GLni(k) that sends each entry to its q-th power.
5.2. σ-Stable Characters. Fix T and B as above, then standard Levi subgroups and standard
parabolic subgroups are always takenwith respect to T ⊂ B. In this section, we will consider
the automorphism σ defined in §4.1.1. The operation χ 7→ χ ◦ σ−1 defines an involution of
Irr(GLn(q)). Denote by σχ the image of χ under this involution.
5.2.1. Quadratic-Unipotent Characters. Given a 2-partition (µ1, µ2) ∈ Pn(2), we define an
irreducible character χ(µ1,µ2) ∈ Irr(GLn(q)) as follows. Put m1 = |µ1| and m2 = |µ2| and so
m1 +m2 = n. LetM ⊂ GLn(k) be a standard Levi subgroup isomorphic to GLm1(k) ×GLm2(k),
i.e.
(5.2.1.1) M =

0GLm1
0 GLm2

.
Denote byWM :=WM(T) theWeyl group ofM. It is isomorphic toSm1 ×Sm2 . The Frobenius
F acts trivially onWM. With respect to the isomorphismMF  GLm1(q) ×GLm2(q), we define
a linear character θ ∈ Irr(MF) to be (1 ◦ det, η ◦ det), where 1 is the trivial character of F∗q
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and η is the order 2 irreducible character of F∗q. It is regular in the sense of [LS, §3.1]. We
define ϕ ∈ Irr(WM) by a 2-partition (µ1, µ2) in such a way that the factor corresponding to
Sm1 is defined by the partition µ1, and the other by µ2. According to Theorem 1, the triple
(M, θ, ϕ) gives an irreducible character ofGLn(q), whichwedenote byχ(µ1,µ2). The irreducible
characters of GLn(q) thus obtained are called quadratic-unipotents.
Lemma 5.2.1. For any (µ1, µ2) ∈ Pn(2), the character χ(µ1 ,µ2) is σ-stable.
Proof. If χ(µ1,µ2) is of the form R
G
ϕθ for a triple (M, θ, ϕ), then
σχ(µ1,µ2) is of the form R
G
σ∗ϕσ∗θ for
the triple (σ(M), σ∗θ, σ∗ϕ) according to Lemma 3.1.2. Explicitly, σ(M) is the Levi subgroup
(5.2.1.1)withGLm1 andGLm2 exchanged, σ∗θ associates to the factorGLm1 the trivial character
of F∗q and η to the other factor, and σ∗ϕ associates to the factor GLm1 the character of Sm1
corresponding to µ1 and to the other factor the character corresponding to µ2. Then the
conjugation by Jn sends (σ(M), σ∗θ, σ∗ϕ) to (M, θ, ϕ), and so σχ(µ1,µ2) = χ(µ1,µ2) according to
Theorem 1 
5.2.2. Now we construct some more general σ-stable irreducible characters. If I ⊂ ∆ is a
σ-stable subset, then it defines a σ-stable standard Levi subgroup. Every σ-stable standard
Levi subgroup is of this form. We are going to use the notations of §5.1.1 and of Proposition
5.1.1. Denote by 0 the unique element of ΓI fixeed by σ. For any i ∈ ΓI, denote by i∗ its image
under σ. The standard Levi subgroup LI is decomposed as
∏
i∈ΓI Li. For any i ∈ ΓI, write
ni = r if i ∈ ΓI,r, and so Li  GLni(k). Schematically, LI is equal to
(5.2.2.1)

Li1
. . .
Lis
GLn0
Li∗s
. . .
Li∗1

.
5.2.3. Recall thatWG(LI) := NG(LI)/LI is isomorphic to
∏
rSNr . WriteN
′
r = Nr/2 if n0 , r and
write N′r = (Nr − 1)/2 if n0 = r. Then, WG(LI)σ 
∏
rW
C
N′r
. Regarded as a block permutation
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matrix 2 , an element ofWC
N′r
typically acts on
∏
{i|ni=r} Li in the following manners.
(5.2.3.1)

Li1
. . .
Lit
Li∗t
. . .
Li∗1

,

Li1
. . .
Lit
Li∗t
. . .
Li∗1

,
corresponding to a cycle of positive sign and a cycle of negative sign respectively.
If w is an element ofWG(LI)σ, then a block permutation matrix that represents it, denoted
by w˙, obviously can be chosen to be σ-stable, and so there is some g ∈ (Gσ)◦ such that
g−1F(g) = w˙. Put MI,w := gLIg−1. It is an F-stable and σ-stable Levi factor of a σ-stable
parabolic subgroup, and there is an isomorphism ad g : LFw
I
 MF
I,w
. A character of MF
I,w
is
σ-stable if and only if it is identifiedwith a σ-stable character of LFw
I
by ad g since g is σ-stable.
Let us fix such a w and construct some σ-stable irreducible characters of LFw
I
.
WriteΛ = ΛI(w˙), following the proof of Proposition 5.1.1. The action of σ on ΓI induces an
action onΛ as w commutes with σ, which allows us to use the notation i∗ for i ∈ Λ. If i, j ∈ ΓI
belong to the same orbit of w, then ni = n j, which justfies the notation ni for i ∈ Λ. Also note
that ni = ni∗ . For any i ∈ Λ, denote by di the cardinality of the orbit i. Write
(5.2.3.2) Λ1 = {i ∈ Λ|i∗ , i}/ ∼
where the equivalence identifies i to i∗. We will say that i belongs to Λ1 if i , i∗ and the
equivalence class of i belongs to Λ1. Write
(5.2.3.3) Λ2 = {i ∈ Λ|i = i∗} \ {0}.
We can choose an isomorphism
(5.2.3.4) LI 
∏
i∈Λ1
(GLni ×GLni∗ )di ×
∏
i∈Λ2
(GLni ×GLni∗ )di/2 ×GLn0
such that Fw and σ act on LI in the following manner.
2 By block permutation matrix, we always mean a block matrix with each block equal to an identity matrix or a
zero matrix, which itself is also a permutation matrix. Of course this is more restrictive than a block matrix that
is also a permutation matrix
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The action of Fw is given by:
i = 0 : GLn0 −→ GLn0 (5.2.3.5)
A 7−→ F0(A);
i ∈ Λ1 : (GLni ×GLni∗ )di −→ (GLni ×GLni∗ )di (5.2.3.6)
(A1,B1,A2,B2 . . . ,Adi ,Bdi) 7−→
(F0(Adi ), F0(Bdi), F0(A1), F0(B1) . . . F0(Adi−1), F0(Bdi−1));
i ∈ Λ2 : (GLni ×GLni∗ )di/2 −→ (GLni ×GLni∗ )di/2 (5.2.3.7)
(A1,B1,A2,B2 . . . ,Adi/2,Bdi/2) 7−→
(F0(Bdi/2), F0(Adi/2), F0(A1), F0(B1) . . . F0(Adi/2−1), F0(Bdi/2−1)).
where F0 is the Frobenius of GLr(k) that sends each entry to its q-th power, for any r.
The action of σ is given by:
i = 0 : GLn0 −→ GLn0 (5.2.3.8)
A 7−→ σ0(A);
i , 0 :GLni ×GLni∗ −→ GLni ×GLni∗ (5.2.3.9)
(A,B) 7−→ (σi(B), σi(A))
where σ0 is the standard automorphism of GLn0 (§4.1.1) and σi is the automorphism of GLni
that sends g to Jni
t
g−1J−1ni regardless of the parity of ni (§4.1.1). We have
(5.2.3.10) LFw
I

∏
i∈Λ1
(GLni (q
di) ×GLni∗ (qdi )) ×
∏
i∈Λ2
GLni(q
di ) ×GLn0(q)
and σ acts on it in the following manner,
i = 0 : GLn0(q) −→ GLn0(q) (5.2.3.11)
A 7−→ σ0(A);
i ∈ Λ1 : GLni(qdi ) ×GLni∗ (qdi ) −→ GLni(qdi ) ×GLni∗ (qdi ) (5.2.3.12)
(A,B) 7−→ (σi(B), σi(A));
i ∈ Λ2 : GLni(qdi ) −→ GLni(qdi ) (5.2.3.13)
A 7−→ σiFdi/20 (A).
Denote by L1 the product of the direct factors of LI except L0. If no confusion arises, we
may also denote by Fw and σ their restrictions on L1. With respect to the decomposition of
LFw
I
as above, a linear character θ1 of L
Fw
1 can be written as
(5.2.3.14)
∏
i∈Λ1
(αi, αi∗)
∏
i∈Λ2
αi ∈
∏
i∈Λ1
(Irr(F∗
qdi
) × Irr(F∗
qdi
)) ×
∏
i∈Λ2
Irr(F∗
qdi
).
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The set Irr(WL1 )
Fw is in bijection with the irreducible characters of
(5.2.3.15)
∏
i∈Λ1
(Sni ×Sni∗ ) ×
∏
i∈Λ2
Sni .
Such a character can be written as ϕ1 =
∏
i∈Λ1 (ϕi, ϕi∗)
∏
i∈Λ2 ϕi.
5.2.4. Suppose that the factors of θ1 and ϕ1 satisfy
for any i ∈ Λ1 ⊔Λ2, αi , 1 or η ◦NF
qdi
/Fq , (5.2.4.1)
for any i ∈ Λ1, αi∗ = α−1i , (5.2.4.2)
for any i ∈ Λ2, αqdi/2 = α−1i , (5.2.4.3)
for any i ∈ Λ1, ϕi∗ = ϕi. (5.2.4.4)
We choose ϕ˜1, an extension of ϕ1 toWL1 .<Fw>, in such a way that
(5.2.4.5) χ1 = RGϕ1θ1 = |WL1 |−1
∑
v∈WL1
ϕ˜1(vFw)R
L1
Tv
θ1,
is an irreducible character of LFw1 .
Proposition 5.2.2. Let χ0 be a quadratic-unipotent character of L
F0
0 . Then, χ1 ⊠ χ0 is a σ-stable
irreducible character of LFw
I
. Identified with a character of MF
I,w
, its induction RG
MI,w
(χ1 ⊠ χ0) is a
σ-stable irreducible character of GLn(q).
Proof. By the hypothesis on θ1 and ϕ1, χ1 is σ-stable, and so χ1 ⊠ χ0 is σ-stable. It follows
from the definition of RG
MI,w
that if χ1 ⊠ χ0 is σ-stable, then RGMI,w(χ1 ⊠ χ0) is σ-stable. 
5.2.5. The rest of this section is to prove the following proposition.
Proposition 5.2.3. Every σ-stable irreducible character ofGLn(q) is of the form given by Proposition
5.2.2.
5.2.6. We will need the following lemma.
Lemma 5.2.4. LetM be a Levi subgroup of G = GLn(k). Let x ∈ G be such that x−1σ preserves M, i.e.
x−1σ(M)x =M. Then the action of x−1σ on ZM is the composition of z 7→ z−1 and an automorphism
induced by an element of NGLn(M).
Proof. Let LJ be a standard Levi subgroup and g ∈ G be such that M = gLJg−1. We have the
maps
LJ
ad g−→ M
ad x−→−→
σ
σ(M),
and it is equivalent to considering ZLJ . The automorphism
(ad g)−1 ◦ σ−1 ◦ (ad x) ◦ (ad g)(l),
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can be written as τ−1 ◦ ad n, with τ being the transpose-inverse automorphism and n =
J−1σ(g)−1xg. Since LJ is automatically τ-stable, we have n ∈ NG(LJ). Note that τ acts on the
centre by inversion. 
Suppose that χ ∈ Irr(GLn(q)) is an irreducible character induced from the triple (M, ϕ, θ)
following Theorem 1. Let LJ be a standard Levi subgroup that is G-conjugate to M. If the
GF-conjugacy class of M is represented by (n1, d1) · · · (ns, ds), then M 
∏
i∈Λ GLni (k)
di , and
MF 
∏
i∈ΛGLni(q
di ), whereΛ := ΛJ(n) with n ∈ NG(LJ) following the notations in the proof of
Proposition 5.1.1. With respect to this decomposition, we write θ = (αi)i∈Λ with αi ∈ Irr(F∗
qdi
),
where we have abbreviated αi ◦ det as αi. Denote by αˆi the F-orbit of αi for each i, and write
αˆ−1
i
= {a−1 | a ∈ αˆi}. The semi-simple part of χ can then be represented by the sequence
(n1, αˆi) · · · (ns, αˆs).
Proposition 5.2.5. In order for χ to be σ-stable, it is necessary that for each i ∈ Λ, there exists a
unique i∗ ∈ Λ such that ni = ni∗ and αˆ−1i = αˆi.
Proof. Assume that χ is σ-stable. Theorem 1 implies that there exists x ∈ GF such that
ad x(M) = σ(M),(5.2.6.1)
(ad x)∗σ∗θ = θ,(5.2.6.2)
so x satisfies the assumption in the previous lemma. Put ZM := ZM/[M,M] and regard θ
as a character of ZF
M
. Choose an isomorphism ZM  (k∗)r for some r. Let v ∈ Sr be such
that the action of x−1σ on ZM is the composition of v and the inversion. Since x and σ are
F-stable, the action of v is compatible with the action of F and so induces an action on ZF
M
.
If we express the action of F as the composition of some permutation τ ∈ Sr and raising
each entry to the q-th power, then v commutes with τ. The centraliser of τ is described by its
orbits in {1, . . . , r}: an element commuting with τ induces a permutation among the orbits
of the same size and a cyclic permutation within each orbit. If we write θ = (αi), then the
action of x−1σ onZF
M
induces (αi) 7→ (α−q
c
i∗ ) for some 0 ≤ c < di, with i∗ := v−1(i), whence the
assertion.
For any i ∈ Λ, the i∗ as claimed in the proposition is unique. Suppose i∗ and i∗′ with i∗ , i∗′
both satisfy the assertion in the proposition, then αˆi∗ = αˆi∗′ , which contradicts the regularity
of θ. 
Remark 5.2.6. If i∗ = i, then it is necessary that di is an even number, and α−1i = α
qdi/2
i
.
Remark 5.2.7. There are at most two i ∈ Λ such that α2
i
= 1 in order for θ to be regular. We
denote them by ±. It is necessary that d+ = d− = 1. Also denote by ± the corresponding two
elements of Γ.
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5.2.7. The previous proposition allows us to define the sets
Λ1 = {i ∈ Λ|i∗ , i}/ ∼(5.2.7.1)
Λ2 = {i ∈ Λ|i = i∗} \ {±},(5.2.7.2)
in a way similar to (5.2.3.2) and (5.2.3.3). Since the GF-conjugacy class of M only depends
on the coset of n, we can assume that n is a block permutation matrix. There exists a block
permutation matrix x such that LJ′ := xLJx−1 is of the form
Li1
. . .
Lis
L+
L−
Li′s
. . .
Li′1

.
where Li′j  Li j for any j. From this, we can recover the induction data of §5.2.4 as follows.
On LJ′ , the Frobenius concerned is Fxnx−1 , which fixes L+ and L− as d+ = d− = 1. We can
further conjugate by a permutation matrix that normalises LJ′ , say y, in such a way that the
action of Fyxnx−1y−1 on LJ′ is built up from (5.2.3.1) andmoreover the αi’s satisfy the hypothesis
§5.2.4. Such y exists because a conjugacy class in NG(LJ)/LJ is uniquely determined by the
di’s. Denote by θJ′ and ϕJ′ the characters associated to LJ′ that are transferred from θ and ϕ
via ad g, ad x and ad y.
Put v = yxnx−1y−1, it is a σ-stable block permutation matrix by the choice of y. Let
h ∈ (Gσ)◦ be such that h−1F(h) = v. Then MJ′,v = hLJ′h−1 is an F-stable Levi subgroup that
is GF-conjugate to M, because nLJ is conjugate to vLJ′ . If we regard θJ′ and ϕJ′ as some
characters associated to MJ′,v via the isomorphism ad h, then χ is equal to the induction
RGϕJ′θJ′ for a triple (MJ′,v, ϕJ′ , θJ′).
Define LI to be the standard Levi subgroup of the form (5.2.2.1) such that n0 = n+ + n−
and that LI coincides with LJ′ away from GLn0 . We see that MI,v := hLIh
−1 is a σ-stable and
F-stable Levi factor of a σ-stable parabolic subgroup. Moreover, it containsMJ′,v and σ(MJ′,v).
Note that σχ is defined by the triple (σ(MJ′,v), σ∗ϕJ′ , σ∗θJ′) and σ∗θJ′ is already equal to θJ′
away from GLno by construction. By Theorem 1, in order for χ to be σ-stable, it is necessary
that σ∗ϕJ′ = ϕJ′ away from GLn0 . And it suffices since in the component GLn0 we have a
quadratic-unipotent character. This completes the proof of Proposition 5.2.3.
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5.2.8. The type of a σ-stable irreducible character consists of some non negative integers n±,
and some positive integers ni, di, n′j, and d
′
j
parametrised by some possibly empty finite sets
Λ1 and Λ2, denoted by
(5.2.8.1) t = n+n−(ni, di)i∈Λ1 (n
′
j, d
′
j) j∈Λ2 ,
satisfying
(5.2.8.2) n = n+ + n− +
∑
i
2nidi +
∑
j
2n′jd
′
j.
If t˜ = n˜+n˜−(n˜i, d˜i)i∈Λ˜1 (n˜
′
j
, d˜′
j
) j∈Λ˜2 is another sequence of integers, we regard it as the same as
t if and only if there exist some bijections Λ1  Λ˜1 and Λ2  Λ˜2 such that the integers are
matched (and n+ = n˜+ and n− = n˜−). We denote by Tχ the set of the types of the σ-stable
irreducible characters of GLn(q).
Given t ∈ Tχ, denote by T¯χ(t) the set of the data
(5.2.8.3) t¯ = λ+λ−(λi, αˆi)i∈Λ1 (λ
′
j, αˆ
′
j) j∈Λ2
satisfying
- λ± ∈ Pn± , λi ∈ Pni , λ′j ∈ Pn′j , for the integers n+, n−, ni and n′j associated to t;
- αˆi ⊂ Irr(F¯∗qdi ) is an F-orbit of order di that is not stable under inversion, with αˆi
identified with αˆ−1
i
;
- αˆ′
j
⊂ Irr(F¯∗q2d′j ) is an F-orbit of order 2d′j that is stable under inversion;
- αˆi , αˆ±1i′ if i , i
′ and αˆ′
j
, αˆ′
j′ if j , j
′.
If λ˜+λ˜−(λ˜i, βˆi)i∈Λ˜1 (λ˜ j, βˆ
′
j
) j∈Λ˜2 is another such datum, we regard it as the same as t¯ if and only
if λ˜+ = λ+, λ˜− = λ−, and there exist bijetions Λ1  Λ˜1 and Λ2  Λ˜2 such that the partitions
and orbits are matched.
Write T¯χ = ⊔t∈Tχ T¯χ(t). By Proposition 5.2.2 and Proposition 5.2.3, the σ-stable irreducible
characters are in bijection with T¯χ.
5.2.9. Equivalently, the set T¯χ can be described as follows. Write
k∨ = lim−→ Irr(F
∗
qn),
as n runs over positive integers. Denote by σ the inversion a 7→ a−1 on this set. Denote by Φ∗
the set of<F>×<σ>-orbits in k∨. For any map of sets f : Φ∗ → P, write
|| f || =
∑
x∈Φ∗
| f (x)| · |x|,
where |x| is the size of the orbit. Then T¯χ is identified with the set
{ f : Φ∗ 7→ P; || f || = n}.
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The<F>×<σ>-orbits are either the single points {1}, {η}, or the union of two F-orbits that are
not stable under inversion, or a single F-orbit that is stable under inversion. One easily sees
how T¯χ is recovered from these maps.
6. Parametrisation of Conjugacy Classes
6.1. F-StableQuasi-Semi-SimplesClasses. AG-conjugacy class contains someGF-conjugacy
classes if and only if it is F-stable. Wewill first give the parametrisation of the F-stable quasi-
semi-simple conjugacy classes in G.σ. Recall that in oG¯F, we denote by σ the element t0σ′ (cf.
Convention 4.2.1).
6.1.1. We begin with the parametrisation of the quasi-semi-simple G-conjugacy classes. We
take for T the maximal torus consisting of the diagonal matrices, then (Tσ)◦ consists of the
matrices
diag(a1, a2, . . . , am, a−1m , . . . , a
−1
2 , a
−1
1 ), if n = 2m,(6.1.1.1)
diag(a1, a2, . . . , am, 1, a−1m , . . . , a
−1
2 , a
−1
1 ), if n = 2m + 1,(6.1.1.2)
with ai ∈ k∗ for all i, and the commutator [T, σ] consists of the matrices
diag(b1, b2, . . . , bm, bm, . . . , b2, b1), if n = 2m,(6.1.1.3)
diag(b1, b2, . . . , bm, bm+1, bm, . . . , b2, b1), if n = 2m + 1,(6.1.1.4)
with bi ∈ k∗ for all i. So the elements of S := [T, σ] ∩ (Tσ)◦ are the matrices
diag(e1, e2, . . . , em, em, . . . , e2, e1), if n = 2m,(6.1.1.5)
diag(e1, e2, . . . , em, 1, em, . . . , e2, e1), if n = 2m + 1,(6.1.1.6)
with ei = ±1 for all i. We index the entries of a diagonal matrix by the set
{1, 2, . . . ,m,−m, . . . ,−2,−1}
or the set
{1, 2, . . . ,m, 0,−m, . . . ,−2,−1}
according to the parity of n so that every matrix in (Tσ)◦ satisfies a−i = a−1i for all i. We will
abbreviate an element of (Tσ)◦ as [a1, . . . , am] regardless of the parity of n.
We have the following proposition.
Proposition 6.1.1. ([DM18, Proposition 1.16]) The quasi-semi-simple classes inG.σ are in bijection
with the Wσ-orbits in T/[T, σ]  (Tσ)◦/S.
That is to say, the class of [a1, . . . , am]σ is invariant under the following operations,
- Permutation of the ai’s;
- ai 7→ a−1i , for any i;
- ai 7→ −ai, for any i,
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and [b1, . . . , bm]σ belongs to the same class if it only differs from [a1, . . . , am]σ by these opera-
tions. For another description of these conjugacy classes, see also [DM15, Example 7.3].
Remark 6.1.2. The parametrisation given by this proposition relies on the choice of σ. In
either sG¯ or oG¯, we will use the symplectic type quasi-central element σ to parametrise quasi-
semi-simple conjugacy classes.
6.1.2. Denote by kˆ the quotient of k∗ by the action ofZ/2Z ×Z/2Z:
(1, 0) : a 7→ a−1. (0, 1) : a 7→ −a.(6.1.2.1)
For any a ∈ k, denote by aˆ the set {a,−a, a−1,−a−1}. Write S = (Z/2Z×Z/2Z)m . The torus (Tσ)◦
is isomorphic to (k∗)m. Let S act on it componentwise, i.e. each component Z/2Z × Z/2Z
acts on k∗ as above. Then the quasi-semi-simple conjugacy classes in G.σ are parametrised
by theSm-orbits in kˆm. The conjugacy class of tσ = [a1, . . . , am]σ is determined by themultiset
{aˆ1, . . . , aˆm}. We may regard its elements as the eigenvalues of tσ.
The action of F on k induces an action on kˆ, given by
aˆ 7→ aˆq := {aq,−aq, a−q,−a−q}.
Denote by Φ∗ the set of F-orbits in kˆ. Let αˆ ∈ Φ∗ and take aˆ ∈ αˆ. Write d = |αˆ|. Denote by e
and ǫ the signs such that aq
d
= eaǫ, for any a ∈ aˆ. Note that e and ǫ are independent of the
choice of aˆ ∈ αˆ or the choice of a ∈ aˆ. We say that αˆ is an orbit of type (d, ǫ, e).
There is some ambiguity with the type thus defined. Let αˆ1 be an orbit of type (d1, ǫ1, e1)
and let αˆ2 be an orbit of type (d2, ǫ2, e2). Obviously if d1 > d2, then αˆ1 and αˆ2 are distinct
orbits. Suppose d1 = d2 = d. If x ∈ k∗ satisfies both of the two equations xqd1 = e1xǫ1 and
xq
d2
= e2x
ǫ2 , then e1e2xǫ1−ǫ2 = 1. In order for this equaiton to be solvable, either e1 = e2, ǫ1 = ǫ2,
that is, αˆ1 and αˆ2 coincide, or e1 = e2, ǫ1 = −ǫ2, which gives x2 = 1, or e1 = −e2, ǫ1 = −ǫ2,
which gives x2 = −1. The latter ones are the orbits {1,−1} and {i,−i}, so d = 1, and they are
said to be of type (1) and of type (i) respectively. Except these cases, orbits of different types
are all distinct. In the following, these two orbits are treated separately and so there will be
no confusion among types.
6.1.3. Let us define some combinatorial data that parametrise the F-stable quasi-semi-
simple conjugacy classes.
We call the type of an F-stable quasi-semi-simple conjugacy class the data consisting of
somenonnegative integersn+, n−, with the parity ofn+ being that ofn, somepositive integers
ni, di and some signs ei and ǫi, parametrised by a possibly empty finite set Λ, denoted by
(6.1.3.1) t = n+n−(ni, di, , ǫi, ei)i∈Λ,
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satisfying
(6.1.3.2)
∑
i∈Λ
2nidi + n+ + n− = n.
If t˜ = n˜+n˜−(n˜i, d˜i, , ǫ˜i, e˜i)i∈Λ˜ is another sequence of integers, we regard it as the same as t if and
only if there exists a bijection Λ ∼↔ Λ˜ such that the integers and the signs are mathched, and
moreover, n+ = n˜+ and n− = n˜−. We will denote by TC,s the set of the types of the F-stable
quasi-semi-simple conjugacy classes.
Given t ∈ TC,s, denote by T¯C,s(t) the set of the data
(6.1.3.3) t¯ = n+n−(ni, αˆi)i∈Λ,
satisfying
- for any i, αˆi is an orbit of type (di, ǫi, ei) , (1) or (i);
- if i , i′, then αˆi , αˆi′ .
If s¯ = m+m−(mi, βˆi)i∈Λ˜ is another such datum, we regard it the same as t¯ if and only if there
exists a bijection Λ ∼↔ Λ˜ such that the integers and the orbits are matched, and moreover,
n+ = m+ and n− = m−. We will denote by T¯C,s the union of T¯C,s(t) as t runs over TC,s.
It will sometimes be convenient to distinguish between the i’s with ǫi = 1 and the i’s with
ǫi = −1. Put Λ1 ⊂ Λ to be the subset of the i’s such that ǫi = 1 and put Λ2 = Λ \ Λ1. The
following notations will also be used,
t = n+n−(ni, di, ei)i∈Λ1 (n
′
j, d
′
j, e
′
j) j∈Λ2 ,
t¯ = n+n−(ni, αˆi)i∈Λ1 (n
′
j, αˆ
′
j) j∈Λ2 .
(6.1.3.4)
There is another equivalent description of T¯C,s. Write Φ◦∗ = Φ∗ \ (1ˆ⊔ iˆ). For any map of sets
Φ∗ → Z≥0, define
|| f || = f (1ˆ) + f (iˆ) +
∑
x∈Φ◦∗
2 f (x) · |x|,
where |x| is the size of the orbit. Then T¯C,s can be identified with the set
{ f : Φ∗ → Z≥0; || f || = n}.
Under this identification, n+ is the image of the orbit of type (1), n− is the image of the orbit
of type (i) and Λ parametrises the inverse image of Z>0 in Φ◦∗ .
Proposition 6.1.3. The F-stable quasi-semi-simple conjugacy classes in G.σ are in bijection with
T¯C,s.
Proof. Define a map
(6.1.3.5) ψ : T¯C,s −→ {F-stable quasi-semi-simple classes in G.σ} ⊂ kˆm/Sm
as follows.
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Write t¯ = n+n−(ni, αˆi)i∈Λ with αˆi of type (di, ǫi, ei). We are going to define an element of kˆm
from t¯, regarding the elements of αˆi’s as eigenvalues and the ni’s as their multiplicities. We
will write ψ(t¯) = (aˆ j)1≤ j≤m.
(i). Take [n+/2] subsets of {1, . . . ,m}, each consisting of a point, which will be called of
type (1), and then (n−/2) subsets, each consisting of a point, which will be called of type (i),
and take for each i ∈ Λ, ni subsets of cardinality di. These subsets, combined with {0} if n is
odd (we require that {0} is of type (1).), form a partition of {1, . . . ,m}(∪{0}) and we denote it
by (Ir)r.
(ii). Choose for each r an identification Ir  Z/drZ, where dr := di if Ir comes from i.
(iii). If Ir comes from i ∈ Λ by the procedure (i), and αˆi = {aˆ, aˆq, . . . , aˆqdi−1 }, define for all
k ∈ Ir, aˆk := aˆqk , under the identification Ir  Z/drZ. If Ir is of type (1)(resp. (i)), we define the
only entry of t corresponding to Ir to be 1ˆ(resp. iˆ). Thus, we have defined an element of kˆm,
whence a quasi-semi-simple conjugacy class in G.σ.
The class ψ(t¯) does not depend on the choices of the subsets Ir or the identifications
Ir  Z/drZ due to the conjugation by Sm. Observe that the class of ψ(t¯) is F-stable if and
only if {aˆ j}1≤ j≤m and {aˆqj }1≤ j≤m coincide as multisets. This is satisfied by ψ(t¯) since to each Ir
is associated an F-orbit. The map ψ is surjective because the map aˆ j 7→ aˆqj identifies {aˆ j}1≤ j≤m
with itself, and sowe can choose a bijection f from {1, . . . ,m} to itself such that aˆ f ( j) = aˆqj . Then
f defines a permutation of {1, . . . ,m}, which can be expressed as a product of some cyclic
permutations, so the above constructions can be reversed. Injectivity of ψ is obvious. 
6.2. Centralisers and GF-Classes. We will see that the centraliser of a quasi-semi-simple
element is in general a product of a symplectic group, an orthogonal group and some linear
groups.
6.2.1. LetCbe anF-stable quasi-semi-simple conjugacy class corresponding to t¯ = n+n−(ni, αˆi)i∈Λ1 (n j, αˆ j) j∈Λ2
following Proposition 6.1.3, and we denote its type by t = n+n−(ni, di, ei)i∈Λ1 (n
′
j
, d′
j
, e′
j
) j∈Λ2 . Let
tσ, with t ∈ (Tσ)◦ be a representative of C as defined in the proof of Proposition 6.1.3.
Lemma 6.2.1. We have,
CG(tσ)  Spn+(k) ×On−(k) ×
∏
i∈Λ1
GLni(k) ×
∏
j∈Λ2
GLn′
j
(k), if n is even,
CG(tσ)  Spn−(k) ×On+(k) ×
∏
i∈Λ1
GLni(k) ×
∏
j∈Λ2
GLn′
j
(k), if n is odd.
In particular, the isomorphism class of CG(tσ) only depends on the type of C.
The numbers n+ and n− are exchanged only because we have chosen different types of σ
for even and odd n.
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Proof. If z ∈ G commutes with tσ, then it commutes with tσtσ = tσ(t)σ2, with σ2 = ±1 being
central. Let us calculate CCG(tσ(t))(tσ). That the αˆi’s are pairwise distinct means that for ai ∈ αi,
a j ∈ α j, i , j, we have aq
c
i
, ±a±1
j
, for all c, so a2q
c
i
, a±2
j
, for all c. Besides, the integers n+ and
n− become the multiplicities of 1 and −1 in tσ(t) respectively. Consequently, the centraliser
of tσ(t) is a Levi subgroup L¯0 := CG(tσ(t)) isomorphic to
(6.2.1.1)
∏
i∈Λ1
(GLni ×GLni)di ×
∏
j∈Λ2
(GLn′
j
×GLn′
j
)d
′
j ×GLn+ ×GLn−
with the action of σ given by
σ : GLni ×GLni −→ GLni ×GLni
(g, h) 7−→ (σ0(h), σ0(g)),
(6.2.1.2)
for all i ∈ Λ1, and similarly for j ∈ Λ2, where σ0(g) = Jtg−1 J−1, with (J)ab = δa,ni+1−b, for any i
or j.
The action induced by tσ on each GLni ×GLni coincides with that of σ. If n is even, and
G¯ =
s
G¯, the action induced by tσ on GLn+ and GLn− are respectively the automorphisms
associated to Jn or J′n defined in §4.1.1. It follows that in G¯ =
s
G¯,
(6.2.1.3) L0 := CG(tσ)  Spn+(k) ×On−(k) ×
∏
i∈Λ1
GLni(k) ×
∏
j∈Λ2
GLn′
j
(k).
The case of G¯ = oG¯ and that of odd n are similar. 
6.2.2. Let us introduce a sign η ∈ {±1} that can be −1 only if
- n is even and n− > 0, or
- n is odd and n+ > 0,
or rather, if the orthogonal factor of the centraliser is non trivial.
Proposition 6.2.2. The quasi-semi-simple conjugacy classes in GF.σ are parametrised by the data
(6.2.2.1) {(η, t¯)} ⊂ {±1} × T¯C,s.
Proof. Clear. 
To simplify the notation, we will write ηt¯ instead of (η, t¯). One should be careful however
as to which GF-class corresponds to η = +1 in this parametrisation. This is explained below.
If the centraliser of a semi-simple element has two connected components, then the cor-
responding two GF-classes can be distinguished by the homomorphism
(6.2.2.2) GLn(q) ⋊<σ>−→ F∗q/(F∗q)2 −→ µ2.
The first map sends g ∈ G(q) to det(g) mod (F∗q)2 and sends σ to 1, and the secondmap is the
nontrivial homomorphism. The value of η is identified with the image of the corresponding
GF-class under this homomorphism. In fact, the above homomorphism is the only nontrivial
THE CHARACTER TABLE OF GLn(Fq) ⋊<σ> 41
character of GLn(q).<σ>that is non vanishing on GLn(q).σ, and extends the character η ◦ det
of GLn(q), with η being the order 2 irreducible character of F∗q. This explains the notation η.
To see that the above homomorphism can distinguish the two GF-conjugacy classes con-
tained in the same G-conjugacy class, we argue as follows. Let tσ ∈ GF.σ be such that CG(tσ)
has two connected component. Then according to our concrete description of CG(tσ), its
two connected components are distinguished by the values of the determinant, which is
±1, corresponding to the two connected components of the orthogonal factors. Let g ∈ G
be such that g−1F(g) = z ∈ CG(tσ) \ CG(tσ)◦, then gsσg−1 is a representative of another GF-
conjugacy class. Applying the determinant to the equality g−1F(g) = z gives det(g)q−1 = −1,
so that det(g)2 ∈ F∗q \ (F∗q)2; applying the above homomorphism to the element gsσg−1 gives
det(s) det(g)2, whence the claim.
6.2.3. The centraliser of each quasi-semi-simple element of GF.σ is given as below. Let
tσ ∈ GF.σ be a quasi-semi-simple element corresponding to
(6.2.3.1) ηd+d−(ni, αˆi)i∈Λ1 (n
′
j, βˆ j) j∈Λ2 .
If n is even, then its centraliser in GF is
(6.2.3.2) Spn+(q) ×O
η
n−(q) ×
∏
i∈Λ1
GLni(q
di) ×
∏
j∈Λ2
GL−n′
j
(qd
′
j).
If n is odd, then its centraliser in GF is
(6.2.3.3) Spn−(q) ×On+(q) ×
∏
i∈Λ1
GLni(q
di) ×
∏
j∈Λ2
GL−n′
j
(qd
′
j).
Note that for odd n+, O+n+(q) is isomorphic to O
−
n+(q).
6.2.4. We refer to §1.3.3 for the parametrisation of the unipotent classes of finite classical
groups. Let C be a semi-simple GF-conjugacy class corresponding to
(6.2.4.1) ηt¯ = ηd+d−(ni, αˆi)i∈Λ1 (n
′
j, αˆ
′
j) j∈Λ2 .
For odd n, the GF-classes which have C as semi-simple part are parametrised by
(6.2.4.2) Λsn−Λ
o
n+(λi)i∈Λ1 (λ
′
j) j∈Λ2 ,
where Λsn− ∈ Ψ
sp
n− , Λ
o
n+ ∈ Ψort,+n+ , λi ∈ Pni , λ′j ∈ Pn′j .
For even n, the GF-classes which have C as semi-simple part are parametrised by
(6.2.4.3) Λsn+Λ
o
n−(λi)i∈Λ1 (λ
′
j) j∈Λ2 ,
where Λsn+ ∈ Ψ
sp
n+ , Λ
o
n− ∈ Ψ
ort,η
n− , λi ∈ Pni , λ′j ∈ Pn′j .
These data can equivalently described as follows. Recall that each element of Ψsp (resp.
Ψ
ort,±) is associated with a partition of symplectic type (resp. orthogonal type). For any
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Λ ∈ Ψsp ⊔Ψort,±, denote by |Λ| the size of the corresponding partition. For any η ∈ {±} and
any triple f = (Λs,Λo, f ◦) with η ∈ {±}, Λs ∈ Ψsp, Λo ∈ Ψort,η, and f ◦ : Φ◦∗ → P) being a map
of sets, write
|| f || = |Λs| + |Λo| +
∑
x∈Φ◦∗
2| f (x)| · |x|.
Finally, put T¯C = {(η, f ); || f || = n} (with f and − f identified if |Λo| = 0). This set parametrises
the set of GF-conjugacy classes in GF.σ. Given any such 4-tuple f = (η,Λs,Λo, f ◦), the semi-
simple part of the corresponding conjugacy class, described by Φ∗ → Z≥0, is obtained by
taking the sizes of Λs, Λo and the images of f ◦.
7. Shintani Descent
Now G denote a connected reductive group over k.
7.1. Eigenvalues of the Frobenius. In this part, we collect some results on the eigenvalues of
the Frobenius endomorphism acting on the intersection cohomology of the Deligne-Lusztig
variety Xw. We will write Xw,F if it is necessary to specify the Frobenius that is involved.
Recall thatXw is the subvariety of the flag varietyB consisting of the Borel subgroups B such
that (B, F(B)) are conjugate to (B0, w˙B0w˙−1) by G, where w˙ ∈ G is a representative of w ∈ WG
and B0 is some fixed F-stable Borel subgroup.
7.1.1. The Deligne-Lusztig character RG
Tw
1 is realised by the virtual representation⊕
i
(−1)iHic(Xw, Q¯ℓ).
Recall that the Lusztig seriesE(GF, (1)) consists of the irreducible representations that appear
as a direct summand of some RG
Tw
1, or equivalently of a vector space Hic(Xw, Q¯ℓ). Denote
by Hi(X¯w, Q¯ℓ) the intersection cohomology of Xw. By [L84b, Corollary 2.8], each element
of E(GF, (1)) is also an irreducible GF-subrepresentation of Hi(X¯w, Q¯ℓ) for some i and w. We
write
Mi(w, F) := Hi(X¯w,F, Q¯ℓ)
Hi(w, F) := EndGF(Mi(w, F))
(7.1.1.1)
If w = 1, Mi(1, F) is just the ℓ-adic cohomology of X1 and its simple factors are the principal
series representations,which are in bijectionwith the irreducible representations ofHi(1, F). If
F is split,Hi(1, F)  Q¯ℓ[W], and if F is twisted by a graph automorphism σ,Hi(1, F)  Q¯ℓ[Wσ].
In what follows, we fix the Frobenius F and w ∈ W, and writeMi and Hi instead of Mi(w, F)
and Hi(w, F).
7.1.2. Denote by F0 a split Frobenius over Fq, and denote by F the Frobenius defining the
Fq-structure of G. Assume that some power of F0 is a power of F. Let b be the smallest
integer such that Fb0 is a power of F. In the case that interests us, b = 1 or 2. Note that F and F0
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commute. The action of F0 on B induces an isomorphism ofMi as a vector space. Moreover
F0 induces by conjugation an algebra automorphism of Hi, still denoted by F0, which is
unipotent ([L84b, Theorem 2.18]). Let ρ be an irreducible representation of GF that appears
in Mi. Denote by Mi,ρ the isotypic component corresponding to ρ. By [L84b, Proposition
2.20], the action of F0 respects the isotypic decomposition, i.e. F0(Mi,ρ) = Mi,ρ. The algebra
Hi is decomposed into some simple algebras Hi,ρ = EndGF(Mi,ρ).
7.1.3. Now assume that ρ is fixed. Denote by [ρ] the vector space on which GF acts by the
representation ρ. There exists a Q¯ℓ-space V such thatMi,ρ  [ρ]⊗V and thatHi,ρ  EndQ¯ℓ V.
Since Hi,ρ is a simple algebra, we have F0 = φG ⊗ φH with φG ∈ Q¯ℓ[GF] and φH ∈ Hi,ρ, which
are invertible as F0 is. Consider the adjoint representation,
GL(V) −→ GL(Hi,ρ)
φH 7−→ adφH.
(7.1.3.1)
Since adφH = ad F0, which is unipotent, we see that φH is a unipotent endomorphism up
to a scalar. Modifying φ if necessary, we can assume that φH is unipotent. Choose a basis
{e1, . . . , es} ofV in such a way that in this basis φH is triangular. EachMi,ρ,r = [ρ]⊗ er provides
the representationρ. By [L84b, Proposition 2.20], the representationρ : GF → GL(Mi,ρ,r) is F0-
stable and extends into a representation of GF.<F0>, denoted by ρ˜,with Fb0 acting trivially on
GF. The action of F0, regarded as an element of GF.<F0>, onMi,ρ,r is defined by (λ′ρ)−1q−i/2φ,
where λ′ρ is a root of unity. Another choice of ρ˜ corresponds to a multiple of λ′ρ by a b-th root
of unity. The value of λ′ρ only depends on ρ and a choice of ρ˜, and does not depend on w or
i. In other words, F0 = ρ˜⊗ϕ′, where ϕ′ is a unipotent endomorphismmultiplied by λ′ρqi/2ϕ.
7.1.4. If we consider a Frobenius F′0 that is not necessarily split, it may happen that the
action of F′0 does not respect the isotypic components of Mi. However, we can nevertheless
consider those components that are preserved by F′0. In fact, a componentMi,ρ is F
′
0-stable if
and only if the character θρ ∈ Irr(Hi) associated is F′0-stable. Let Mi,ρ be such a component,
we still haveMi,ρ  [ρ] ⊗ V and ρ extends into a representation of GF.<F′0>.
7.1.5. Now we consider the action of F0 on the ℓ-adic cohomology. By [S85, Lemma 1.4],
the eigenvalues of F0 on Hic(Xw, Q¯ℓ) are λ
′
ρ times a power of q
b/2 which is not necessarily
qib/2. Let µ = λ′ρqkb/2 be such an eigenvalue. Then, the subspace Mi,ρ,µ ⊂ Mi,ρ of eigenvalue
µ is F0-stable and there exists a decompositionMi,ρ,µ  [ρ]⊗Vµ such that the action of F0 on
Mi,ρ,µ is decomposed as ρ˜ ⊗ ϕµ where ϕµ is λ′ρqk/2 times a unipotent endomorphism of Vµ.
Once again, λ′ρ only depends on ρ and a choice of ρ˜.
7.1.6. There are two particular cases that interest us.
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Theorem 7.1.1. ([L77, Theorem 3.34]) Let i ∈ Z and w ∈ WG be arbitrary. If (G, F) is of type An,
n ≥ 1, then all of the eigenvalues of F on Hic(Xw, Q¯ℓ) are powers of q. If (G, F) is of type 2An, n ≥ 2,
then all of the eigenvalues of F2 on Hic(Xw, Q¯ℓ) are powers of (−q).
7.2. Shintani Descent.
7.2.1. Let F1 and F2 be two commuting Frobenius endomorphism. Denote byK(GF1 .F2) the
F2-conjugacy classes of GF1 and byK(GF2 .F1) the F1-conjugacy classes of GF2 , and we denote
by C(GF2 .F1) and C(GF1 .F2) the set of functions that are constant on the F1-conjugacy classes
of GF2 and the functions that are constant on the F2-conjugacy classes of GF1 respectively.
Define a map NF1/F2 : K(GF1 , F2) → K(GF2 .F1) as follows. For g ∈ GF1 , there exists x ∈ G
such that xF2(x−1) = g. Then g′ := x−1F1(x) ∈ GF2 , and its F1-conjugacy class is well defined.
This defines a bijection from NF1/F2 : K(GF1 , F2) ∼→ K(GF2 .F1). We write g′ = NF1/F2(g) by
abus of notation. Denote by ShF2/F1 : C(GF2 .F1) → C(GF1 .F2) the induced bijection. It is easy
to check that ShF2/F1 ◦ ShF1/F2 = Id and that ShF/F is an involution that may not be the identity.
7.3. Action on the Irreducible Characters.
7.3.1. Let U be a unipotent character of GF1 that extends to GF1 .<F2>. We denote the
restriction to GF1 .F2 of its extension by EF2(U) ∈ C(GF1 .F2). The Shintani descent sends it
into C(GF2 .F1). On the other hand, the unipotent irreducible characters of GF2 that extends
to GF2 .F1, which we denote by E(GF2 , (1))F1 , have as extensions some elements of C(GF2 .F1).
We will see that the functions ShF1/F2 EF2(U) can be expressed as linear combinations of the
extensions of the elements of E(GF2 , (1))F1 .
7.3.2. Let B be an F1-stable and σ-stable Borel subgroup. Put
(7.3.2.1) H := EndGF1 (Ind
GF1
BF1
1)  EndGF1 (Q¯ℓ[BF1])  Q¯ℓ[WF1].
The irreducible characters of H are in bijection with the principal series representations of
GF1 . For ψ ∈ Irr(H), denote by Uψ ∈ Irr(GF1) the corresponding character. By §7.1.4, Uψ
extends to GF1 .<F2> if ψ is F2-stable, in which case ψ itself extends to H.<F2> in such a way
that the action of F2 on IndG
F1
BF1
1 is decomposed into F2 = EF2(Uψ)(F2) ⊗ EF2(ψ)(F2), where we
denote by EF2(Uψ) and EF2(ψ) the extensions of Uψ and ψ respectively.
7.3.3. Let ρ ∈ Irr(GF2) be unipotent. The ρ-isotypic component of Hic(Xw,F2) is of the form
[ρ] ⊗ V. The action of the split Frobenius F0 on this component can be written as ρ˜(F0) ⊗ ϕ,
where ϕ is λ′ρ times a power of q1/2 and a unipotent endomorphism, according to §7.1.5. We
denote by ΩF2 the isomorphism of the space C(GF2 , (1)) that multiplies ρ by λ′ρ. Denote by
EF0(ρ) the restriction of ρ˜ to G
F2 .F0.
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7.3.4. Fix the split Frobenius F0 and the order 2 quasi-central automorphism σ. In what
follows, we only consider (F1, F2) = (σ1Fm0 , σ2F0),where m ∈ Z>0 and σi = 1 or σ. Take
ρ ∈ E(GF2 , (1))σ1 , i.e. a σ1-stable representation, and denote by Eσ1(ρ) an extension of ρ
to GF2 .<σ1>. Since F0 acts as σ−12 on G
F2 , we can define the extension EF0(ρ)(F0) to be
an extension Eσ2(ρ)(σ
−1
2 ), which commutes with Eσ1(ρ)(σ1) because either one of σ1 and
σ2 is 1 or they are equal. This allows us to define an extension EF1(ρ) of ρ to G
F2 .F1 by
requiring EF1(ρ)(σ1F
m
0 ) = Eσ1(ρ)(σ1)EF0(ρ)(F
m
0 ). It is well defined. In addition, Eσ1 defines an
isomorphism of vector spaces
Q¯ℓ[E(GF2 , (1))σ1 ] −→ C(GF2 .σ1, (1))
ρ 7−→ Eσ1(ρ).
(7.3.4.1)
7.3.5. The following theorem makes explicit the transition matrix.
Theorem 7.3.1. ([DM94, Théorème 5.6]) We keep the above notations. For any m ∈ Z>0, and any
ψ ∈ Irr(Wσ1)σ2 we have
Shσ1Fm0 /σ2F0 Eσ2F0(Uψ) =
∑
ρ∈E(Gσ2F0 ,1)σ1
〈RGσ2F.σ1
ψ
,Eσ1(ρ)〉Gσ2F0 .σ1λ
′m
ρ Eσ1Fm0 (ρ)
= Eσ1σ−m2 (Ω
m
σ2F0
E−1σ1 (R
Gσ2F0 .σ1
ψ
)).
(7.3.5.1)
(See [DM94, Définition 5.1] for the definition of RG
σ2F0 .σ1
ψ
or more generally in 9.2.2.2.)
7.4. Commutation with the Deligne-Lusztig Induction.
7.4.1. The following proposition due to Digne shows how the Deligne-Lusztig induction
commutes with Shintani Descent.
Proposition 7.4.1. ([Di, Proposition 1.1]) Let G be a connected reductive group defined over Fq,
equipped with the Frobenius endomorphism F and let σ be a quasi-central automorphism of G. Let
L ⊂ P be an F-stable and σ-stable Levi factor of a σ-stable parabolic subgroup. Then
(7.4.1.1) ShσF/F ◦RGσF.σ−1LσF.σ−1 = RG
F.σ
LF.σ
◦ ShσF/F .
8. Character Sheaves
In this section, G denotes a not necessarily connected reductive group. By local system,
we mean a local system of Q¯ℓ-vector spaces. If X is a variety over k, we denote byD(X) the
bounded derived category of constructible Q¯ℓ-sheaves on X. For any g ∈ G, denote by gsgu
the Jordan decomposition of g, with gs being semi-simple and gu unipotent.
8.1. Character Sheaves on Groups Not Necessarily Connected.
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8.1.1. If G1 is a connected component of G, define
Z◦
G◦,G1 := CZG◦ (g)
◦, for any g ∈ G1.
It does not depend on the choice of g ∈ G1. An isolated stratum of G1 is an orbit of isolated
elements under the action of Z◦
G◦,G1 × G◦ given by
(z, x) : g 7−→ zxgx−1.
(See [L03, I, §1.21 (d), §3.3 (a)])
Example 8.1.1. For the group G¯ defined in §4.2.2, we have Z◦
G,G.σ
= {1}, and so an isolated
stratum of G.σ is an isolated G-conjugacy class.
Given a stratum S, denote by S(S) the category of local systems on S invariant under the
action of Z◦
G◦,G1 × G◦ given by
(z, x) : g 7−→ znxgx−1,
for some integer n > 0. We refer to [L03, I, §6] for the definition of cuspidal local system (for
G). If E ∈ S(S) is cuspidal, we say that (S,E) is a cuspidal pair (for G).
8.1.2. Let S be an isolated stratum of G contained in some connected component G1, let
E ∈ S(S), and let Ss be the set of semi-simple parts of the elements of S. We assume that
Z◦
G◦,G1 = {1} until the lemma below.
Let s ∈ Ss be an arbitrary element and put
Us := {u ∈ CG(s) | u is unipotent such that su ∈ S}.
Then any CG(s)◦-conjugacy class in Us is a stratum of CG(s) (cf. [L03, §6.5]). Note that the
map Us → S, u 7→ su, defines an embedding.
Lemma 8.1.2. ([L03, Lemma 6.6]) The pair (S,E) is cuspidal for G if and only if for any CG(s)◦-
conjugacy class S′ ⊂ Us, the pair (S′,E|S′) is cuspidal for CG(s).
8.1.3. Let L be a Levi subgroup of G◦ and let S be an isolated stratum of NG(L,P) for a
parabolic subgroup Pwith Levi factor L. (See [L03, I, §2.2 (a), §3.5]) Define,
Sreg = {g ∈ S | CG(gs)◦ ⊂ L}.
Define
YL.S =
⋃
x∈G◦
xSregx
−1,
and
Y˜L,S = {(g, xL) ∈ G × G◦/L | x−1gx ∈ Sreg},
equipped with the action by G◦, h : (g, xL) 7→ (hgh−1, hxL), and
YˆL.S = {(g, x) ∈ G × G◦ | x−1gx ∈ Sreg},
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equipped with the action by G◦ × L, (h, l) : (g, x) 7→ (hgh−1, hxl−1). Consider the morphisms
S
α←− YˆL,S
β−→ Y˜L,S π−→ YL,S,
where α(g, x) = x−1gx, β(g, x) = (g, xL) and π(g, xL) = g. Put
W˜S := {n ∈ NG◦(L) | nSn−1 = S},
and WS = W˜S/L. It is a finite group. Then β is a principal L-bundle and π is a principal
WS-bundle. (See [L03, I, §3.13]) If E ∈ S(S) is irreducible and cuspidal for NG(L,P), put
W˜E := {n ∈ W˜S | ad(n)∗E  E},
andWE = W˜E/L.
Example 8.1.3. Let G = GLn(k) and G¯ = G ⋊<σ> as in §4.2.2. Let T be the maximal torus
consisting of diagonal matrices and B the Borel subgroup consisting of upper triangular
matrices. Let P be a σ-stable standard parabolic subgroup with respect to B, such that the
unique Levi factor L containing T is isomorphic to GLm(k) × (k∗)2N for some non negative
integers m and N. Put L¯ = NG¯(L,P) = L ⊔ L.σ and let S ⊂ L.σ be an isolated stratum. Then
NG(L)/L  S2N andWS WCN. We considerWE for some particular E in the following.
Let S′ = S/Z◦
L,L.σ
and let π′ : S → S′ be the projection. Let M = L/[L, L] and M¯ = L¯/[L.L].
Then ad σ induces an action on M. Define the map Lσ : M → M, m 7→ m−1σ(m). Then put
L¯′′ = M¯/ Im(Lσ) and let π′′ : L¯ → L¯′′ be the projection. Let S′′ be the image of S under
π′′. Suppose that E′ ∈ S(S′) is irreducible and L ∈ S(S′′) satisfies L⊗2  Q¯ℓ. Consider the
local system E := π′∗E′ ⊗ π′′∗L on S, which lies in S(S) by [L03, §5.3]. Note that S′′ is a
connected component of L¯′′, and since the identity component L′′ is central, the equivariant
local systems on S′′ can be identified with those on L′′, which is a torus isomorphic to (k∗)N.
The action of WS on L induces an action on L′′. Let T+ ⊂ L′′ be the largest WE-stable
subtorus such that L|T+  Q¯ℓ. Let T− ⊂ L′′ be the unique WE-stable subtorus such that
L′′  T+ × T−. Let N+ = dimT+ and N− = dimT−, then N+ +N− = N. Since the factor π′∗E′
is automaticallyWS-invariant, we haveWE WCN+ ×WCN− .
8.1.4. Fix E ∈ S(S). There exists a G◦-equivariant local system E˜ on Y˜L,S such that β∗E˜ 
α∗E. Denote by E = End(π!E˜), the endomorphism algebra of π!E˜. We have a canonical
decomposition ([L03, II, §7.10 (a); IV, §21.6])
E =
⊕
w∈WE
Ew,
where the factors Ew := Hom(ad(nw)∗E,E), each one defined by some representative nw of w,
are of dimension 1 and satisfy EwEv = Ewv. Choose base {bw | w ∈WE} of E with bw ∈ Ew for
any w.
Define
K = IC(Y¯L,S, π!E˜),
THE CHARACTER TABLE OF GLn(Fq) ⋊<σ> 48
where Y¯L,S is the closure of YL,S in G. There exists a canonical isomorphism E  End(K). Let
Λ′ be a finite set parametrising the isomorphism classes of the irreducible representations of
E and for each i ∈ Λ′, we denote by Vi a corresponding representation. Then, we have the
canonical decompositions
π!E˜ 
⊕
i∈Λ′
Vi ⊗ (π!E˜)i, K 
⊕
i∈Λ′
Vi ⊗ Ki,
where
(π!E˜)i = HomE(Vi, π!E˜), Ki = HomE(Vi,K)
are the simple factors. Moreover, Ki  IC(Y¯L,S, (π!E˜)i).
8.1.5. Assume that F(L) = L, F(S) = S and F∗E ∼→ E, where F is the Frobenius of G. We
fix an isomorphism φ0 : F∗E ∼→ E. It induces an isomorphism φ˜ : F∗π!E˜ ∼→ π!E˜ and an
isomorphismeφ : F∗K ∼→ K. Recall that, given a varietyX/k equippedwith the Frobenius F, a
complexA ∈ D(X) and an isomorphismφ : F∗A ∼→ A, the characteristic functionχA,φ : XF → Q¯ℓ
is defined by
(8.1.5.1) χA,φ(x) =
∑
i∈Z
(−1)i Tr(φ,H ixA),
whereH ixA is the stalk at x of the cohomology sheaf in degree i of A.
Theorem 8.1.4. ([L03, III, Theorem 16.14, §16.5, §16.13]) Let s and u ∈ GF be a semi-simple
element and a unipotent element such that su = us ∈ Y¯L,S. Then,
(8.1.5.2) χK,φ(su) =
∑
h∈G◦F ;
h−1sh∈Ss
|LF
h
|
|CG(s)◦F||LF|
QLh,CG(s)◦,ch,Fh,φh(u),
where Ss is the set of the semi-simple parts of the elements of S, and QLh,CG(s)◦,ch,Fh,φh is the generalised
Green function (See §8.1.6 below) associated to the data Lh, CG(s)◦, ch, Fh, φh defined by
- Lh := hLh−1 ∩ CG(s)◦;
- ch := {v ∈ CG(s) | v unipotent, h−1svh ∈ S};
- Fh: inverse image of E under the embedding ch → S, v 7→ h−1svh;
- φh : F∗Fh ∼→ Fh, an isomorphism induced from φ0 under the above embedding.
Denote by L1 (resp. G1) the connected component of NG(L) (resp. G) containing S. If we
define
- Σh := hZ◦L,L1h
−1
ch;
- Eh: inverse image of E by the embedding Σh → S, v 7→ h−1svh,
- φ′
h
: F∗Eh ∼→ Eh an isomorphism induced from φ0 under the above embedding,
then the above embedding ch → S factors through the inclusion ch → Σh, Fh is the inverse
image of Eh and φh is induced from φ′h under this inclusion. The point is that, Σh is a finite
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union of isolated strata, which has ch as the subset of unipotent elements, so that these data
fit into the following definition of generalised Green functions.
8.1.6. Generalised Green Functions. Given
- G a reductive algebraic group,
- L ⊂ G◦ an F-stable Levi subgroup,
- Σu the set of the unipotent elements of a finite union of isolated strata Σ of NG(L)
satisfying F(Σ) = Σ, F(Σu) = Σu,
- F an L-equivariant local system on Σu, and
- φ1 : F∗F ∼→ F an isomorphism,
we choose a local system E on Σ that restricts to F under the inclusion Σu → Σ and an
isomorphism (which always exists) φ′1 : F
∗E ∼→ E that induces φ1. Define K = IC(Y¯L,Σ, π!E˜),
where YL,Σ, Y˜L,Σ and π : Y˜L,Σ → YL,Σ are defined by the procedure §8.1.3, and denote by
φ : F∗K ∼→ K the isomorphism induced from φ′1.
The generalised Green function associated to G, L, Σu, F and φ1, denoted by QL,G,Σu,F ,φ1 ,
is defined by ([L03, III, §15.12])
GFu = {unipotent elements of GF} −→ Q¯ℓ
u 7−→ χK,φ(u).
(8.1.6.1)
It does not depend on the choice of E and φ′1.
8.1.7. Let G, L, Σu, Σ, F , E, φ1 and φ′1 be as in §8.1.6, and let QGL (−,−) be the two variable
Green function as in §3.2.3.
Theorem 8.1.5. ([L90, Theorem 1.14]) There exists a constant q0 > 1 which only depends on the
Dynkin diagram of G, such that if q > q0, then for any u ∈ GFu,
QL,G,Σu,F ,φ1(u) = (−1)dimΣ|LF|−1
∑
v∈LFu
QGL (u, v)χE,φ′1(v).
In the context of Theorem 8.1.4, the isomorphismφh is induced fromφ0 via the embedding
ch → S, v 7→ h−1svh, and so χEh,φ′h(v) = χE,φ0(h−1svh). The above theorem then says
QLh,CG(s)◦,ch,Fh,φh(u) = (−1)dimΣh |LFh |−1
∑
v∈(Lh)Fu
Q
CG(s)◦
Lh
(u, v)χE,φ0 (h
−1svh).
Comparing Proposition 3.2.3 and Theorem 8.1.4, this shows that χK,φ is equal to RG
1
L1
χE,φ0 up
to a sign.
8.1.8. The isomorphism φ of §8.1.5 induces an algebra isomorphism ι : E ∼→ E. There exists
a subset Λ ⊂ Λ′ and some isomorphisms ιi : Vi ∼→ Vi, φi : F∗Ki ∼→ Ki, for i ∈ Λ, such that the
isomorphism bwφ : F∗K ∼→ K, with respect to the decomposition K =
⊕
i∈Λ′ Vi ⊗ Ki is of the
form
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- bwιi ⊗ φi, if i ∈ Λ;
- Vi ⊗ F∗Ki → V j ⊗ K j, with j , i, if i < Λ.
(See [L03, IV, §20.3, §21.6]) Consequently,
(8.1.8.1) χK,bwφ =
∑
i∈Λ
Tr(bwιi,Vi)χKi ,φi .
8.1.9. Take a representative nw ∈ W˜E ofw, and an element gw ∈ G◦ such that g−1w F(gw) = nw.
Define Lw = gwLg−1w , Sw = gwSg−1w and Ew = ad(g−1w )∗E. Then Lw and Sw are F-stable and
the isomorphism φ0 : F∗E ∼→ E induces an isomorphism φ0,w : F∗Ew ∼→ Ew. These allow
us to define YLw,Sw , Y˜Lw,Sw , πw : Y˜Lw,Sw → YLw,Sw , E˜w, Kw and φw : F∗Kw ∼→ Kw by the same
procedure. It can be checked that (See [L03, IV, §21.6])
(8.1.9.1) χK,bwφ = χKw ,φw .
8.1.10. Write W = WE, denote by W¯ a set of representatives of the effective F-conjugacy
classes ([L03, IV, §20.4]), and write Ww = {v ∈ W | F−1(v)wv−1 = w}. If w is not in some
effective F-conjugacy class and i ∈ Λ, then Tr(bwιi,Vi) = 0 ([L03, §20.4 (a)]). We have for all i,
j ∈ Λ ([L03, IV, §20.4 (c)])
(8.1.10.1)
∑
w∈W¯
|Ww|−1 Tr(bwιi,Vi) Tr(ι−1j b−1w ,V j) = δi j,
where δi j = 1 if i = j and δi j = 0 otherwise. In fact, |W¯| = |Λ| and (Tr(bwιi,Vi))i∈Λ,w∈W¯ is an
invertible square matrix ([L03, §20.4 (e), (f), (g)]).
This, combined with the equalities (8.1.8.1) and (8.1.9.1), gives
(8.1.10.2) χKi,φi =
1
|WE|
∑
w∈WE
w effective
Tr(bwιi,V∨i )χKw ,φw ,
where V∨
i
is the contragradient representation.
Example 8.1.6. Let G¯, L, S, and E be as in Example 8.1.3. Let Ki be the character sheaf
corresponding to the irreducible representation V∨
i
and let φi be chosen in such a way that
(8.1.10.2) holds. Since the action of F onWE is trivial, we may require that ιi = Id and bw is
the element w in the group algebra ofWE. Then
χKi ,φi =
1
|WC
N+
×WC
N−
|
∑
w=(w+,w−)∈WCN+×W
C
N−
Tr(w,V∨i )R
G.σ
Lw.σ
χEw,φ0,w .
9. Extensions of σ-Stable Characters
9.1. Some Elementary Lemmas. When dealing with a Levi subgroup L of GLn, one often
regards it as a direct product of smaller GLn′ ’s and reduces the problem to thesedirect factors.
However, if σ is an automorphism of L, then L ⋊<σ> is not actually the direct product of
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groups of the form GLn′ ⋊<σ′>. We give some lemmas that allow us to apply arguments in
the same spirit. LetH denote a finite group in this part, which could either be a finite group
of Lie type or a Weyl group. Let σ be an automorphism of H, which could be induced from
the automorphism of an algebraic group or the Frobenius. Denote by H.<σ>the semi-direct
product of H and the cyclic group generated by σ, with the generator acting as σ on H.
Lemma 9.1.1. Let H = H1 × · · · × Hs be a product of finite groups and let σ = σ1 × · · · × σs be
the product of some automorphisms of the direct factors. Then H.<σ> is a subgroup of
∏
iHi.<σi>.
Moreover, if the characters χi ∈ Irr(Hi) extend to χ˜i ∈ Irr(Hi.<σi>), then χ¯ := (⊠iχ˜i)|H.<σ> is
irreducible and restricts to ⊠iχi ∈ Irr(H).
Proof. We define a map by
H.<σ>−→
∏
i
Hi.<σi>
(h1, . . . , hs)σi 7−→ (h1σi1, . . . , hsσis),
(9.1.0.1)
which is obviously a homomorphism and is injective. Then the assertion on χ¯ is immediate.

We define an exterior tensor product that is "twisted" by σ.
Definition 9.1.2. Let H = H1 × H2 be a product of finite groups and σ = σ1 × σ2 a product
of automorphisms. For i = 1 and 2, let fi be a function on Hi.σi that is invariant under the
conjugation by Hi. The function f1⊠˜ f2 on H.σ is defined as the restriction of
f1 ⊠ f2 (= pr∗1 f1 · pr∗2 f2) ∈ C(H1.<σ1>×H2.<σ2>)
to H.<σ>.
Lemma 9.1.3. Let H = K × · · · × K be the direct product of d copies of a finite group K. Let ψ be
an automorphism of K, let ζ = (i1, . . . , id) ∈ Sd be a circular permutation, and let (n1, . . . , nd) be a
d-tuple of integers. With these data, we can define an automorphism Ψ of H by
Ψ : H −→ H
(k1, . . . , kd) 7−→ (ψn1 (kζ(1)), . . . , ψnd (kζ(d))).
(9.1.0.2)
Denote byH the direct product K⋊<ψ>× · · · ×K⋊<ψ>, and let ζ act by permuting the components:
ζ : (k1, . . . , kd) 7−→ (kζ(1), . . . , kζ(d)), ki ∈ K ⋊<ψ>,
Let χ be a ψ-stable irreducible character of K and denote by χ˜ an extension of χ to K ⋊<ψ>. Then,
(i) H ⋊<Ψ> is a subgroup of H;
(ii) The character χ˜⊗ · · · ⊗ χ˜ ofH extends to a character ofH⋊<ζ>. Its restriction χ¯ to H⋊<Ψ>
is irreducible;
(iii) For all h = (k1, . . . , kd) ∈ H, we have
χ¯(hΨ) = χ˜(ki1ψ
ni1 k
ni2
i2
ψ · · · kidψnid ).
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Proof. For each i ∈ {1, . . . , d} and r ∈ Z>0, put ni(r) =
∑
0≤p≤r−1 nζp(i). Define a map
H.<Ψ>−→ K ⋊<ψ>× · · · × K ⋊<ψ>) ⋊<ζ>
(k1, . . . , kd) 7−→ (k1, . . . , kd)
(k1, . . . , kd)Ψr 7−→ (k1ψn1(r), . . . , kdψnd(r))ζr.
(9.1.0.3)
One can verify that it is an injective group homomorphism. The character χ¯ is irreducible as
its restriction to H is so.
Let us compute the value of χ¯. Let ρ : K → GL(V) be a representation that realises the
character χ. Let ρ˜ denote its extension to K.<ψ>. Then V⊗d is a representation ofH, defining
the action of ζ by v1 ⊗ · · · ⊗ vd 7→ vζ(1) ⊗ · · · ⊗ vζ(d). We use an argument of linear algebra. Take
A(1), . . . ,A(d) ∈ GL(V) and let ζ act on V⊗d as above. Then we have
(9.1.0.4) Tr(A(1) ⊗ · · · ⊗ A(d) ◦ ζ|V ⊗ · · · ⊗ V) = Tr(A(i1) · · ·A(id)|V).
We conclude the proof by taking ρ˜(kiψni) for A(i). 
9.2. Uniform Extensions.
9.2.1. Denote by L the algebraic group defined over Fq
(9.2.1.1) L =
∏
i∈Λ1
(GLni ×GLni)di ×
∏
i∈Λ2
(GLni ×GLni)di
for some finite sets Λ1 and Λ2, endowed with the Frobenius F acting on it as Fw in (5.2.3.6)
and (5.2.3.7), and with the automorphism σ acting on it as in (5.2.3.9). Let T ⊂ L be an
F-stable and σ-stable maximal torus and we wirte WL := WL(T). For all i ∈ Λ1 ∪ Λ2, we
write Li := (GLni ×GLni)di , and denote by Ti the corresponding direct factor of T. Write
Wi :=WLi(Ti). Then we have
(9.2.1.2) Wi  (Sni ×Sni)di , Wσi  Sdini
for all i ∈ Λ1 ∪Λ2. These are some direct factors ofWL and ofWσL that are stable under F.
Define an injection
Irr(WσL)
F −֒→ Irr(WL)F
ϕ 7−→ [ϕ](9.2.1.3)
in the following manner.
For each i ∈ Λ1, we have the bijections
(9.2.1.4) Irr(Wi)F  Pni × Pni , Irr(Wσi )F  Pni .
We define Irr(Wσ
i
)F → Irr(Wi)F to be sending ϕ to (ϕ,ϕ).
For each i ∈ Λ2, we have
(9.2.1.5) Irr(Wi)F  Pni , Irr(Wσi )F  Pni .
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We define Irr(Wσ
i
)F → Irr(Wi)F to be sending ϕ to ϕ.
For any ϕ ∈ Irr(Wσ
L
)F, we denote by ϕ˜ an extension of ϕ toWσ
L
⋊<F>and denote by [˜ϕ] an
extension of [ϕ] toWL ⋊<F>, where F is regarded as an automorphism of finite order of the
Weyl group. Eventually, these choices need to be specified.
Denote by Irrσ(LF) the set of the σ-stable linear characters of LF. For any θ in Irrσ(LF), we
denote by θ˜ its trivial extension to LF.<σ>. We also denote by the same letter the restriction
of θ˜ to LF.σ.
9.2.2. Given ϕ ∈ Irr(Wσ
L
)F and θ ∈ Irrσ(LF), by Theorem 1, there is a particular choice of the
extension [˜ϕ] such that
(9.2.2.1) χ1 := RL[ϕ]θ = |WL|−1
∑
w∈WL
[˜ϕ](wF)RLTwθ.
is a character. Obviously, it is a σ-stable character of LF. Denote by χ˜1 an extension of χ1 to
LF.<σ>.
For any choice of the extension ϕ˜, put
(9.2.2.2) RL.σϕ θ˜ = |WσL |−1
∑
w∈Wσ
L
ϕ˜(wF)RL.σTw.σθ˜.
It is an LF-invariant function on LF.σ.
Theorem 9.2.1. For a particular choice of the extension ϕ˜, we have
(9.2.2.3) χ˜1|LF.σ = ±RL.σϕ θ˜.
Wewill prove this theorem in the following section.
9.3. The Proof. The proof is to reduce the problem to smaller and smaller factors of L, until
we can apply the known results on GL±n′(q), for various n
′. The choice of the extension ϕ˜will
also be reduced to the smaller components until the choices are clear.
9.3.1. Reduction to the Unipotent Characters. Let χ1 = RL[ϕ]1 be an irreducible character of
LF, which is necessarily σ-stable. Denote by χ˜1 ∈ Irr(LF.<σ>) such that χ˜1|LF = RL[ϕ]1. Assume
that for some choice of ϕ˜,
(9.3.1.1) χ˜1|LF.σ = RL.σϕ 1,
where we denote by 1 the trivial extension of the trivial character. Since (RL[ϕ]1) ⊗ θ = RL[ϕ]θ
and (RL.σϕ )1 ⊗ θ˜ = RL.σϕ θ˜, we have
(9.3.1.2) (χ˜1 ⊗ θ˜)|LF = RL[ϕ]θ, (χ˜1 ⊗ θ˜)|LF.σ = RL.σϕ θ˜.
So it suffices to prove the theorem for the unipotent characters.
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9.3.2. Reduction with Respect to the Action of F and σ. We have decomposed L into a
product of the Li’s for i ∈ Λ1 ⊔ Λ2, each one being F-stable and σ-stable. Let us show that it
suffices to prove the theorem for the Li’s.
Write F = (Fi)i∈Λ1⊔Λ2 and σ = (σi)i∈Λ1⊔Λ2 , where for each i, Fi and σi are respectively
a Frobenius and an automorphism of the corresponding direct factor. The given ϕ can
be written as (ϕi)i∈Λ1⊔Λ2 , with ϕi ∈ Irr(Wσii )Fi , then [ϕ] = ([ϕi])i. Suppose that R
Li
[ϕi]
1 are
some irreducible characters, denoted by χi, each one being σ-stable, and they extend to
χ˜i ∈ Irr(LFii .<σi>). We will show that if for some choices of the extensions ϕ˜i ∈ Irr(W
σi
i
.<Fi>),
the following equality holds
χ˜i|LFi
i
.σi
= RLiϕi1,
then there is some choice of ϕ˜ ∈ Irr(Wσ
L
.<F>) such that
χ˜1|LF.σ = RL.σϕ 1.
Given the extensions of the factors χ˜i, we can obtain an extension χ˜1 following Lemma
9.1.1. By definition, for any lσ ∈ LF.σ which can be identified with∏i liσi ∈ ∏i LFii .<σi>, we
have,
(9.3.2.1) χ˜1(lσ) =
∏
i
RLi.σiϕi 1(liσi).
On the one hand, ∏
i
RLi.σi
Twi .σi
1(liσi) =
∏
i
Tr(liσi|H∗c(Xwi))
= Tr(
∏
i
liσi|
⊗
i
H∗c(Xwi))
= Tr(lσ|H∗c(Xw)) = RL.σTw.σ1(lσ).
(9.3.2.2)
where the Twi and Tw are defined with respect to Ti and T.
On the other hand, applying Lemma 9.1.1 to theWeyl groups and the Frobenius, we obtain
an extension ϕ˜, such that for any w =
∏
iwi ∈WσL , we have,
(9.3.2.3) ϕ˜(wF) = (
∏
i
ϕ˜i)|Wσ
L
.F(
∏
i
wiFi) =
∏
i
ϕ˜i(wiFi).
Consequently, χ˜1|LF.σ = RL.σϕ 1. (One may also check that ⊠iRLi[ϕi]1 = R
L
[ϕ]1 with some similar
but simpler arguments.)
9.3.3. The Linear Part, I. In this part we fix i ∈ Λ1. Write M = GLni ×GLni , equipped with
the Frobenius
FM : (g, h) 7→ (F0(g), F0(h))
with F0 being the standard Frobenius of GLn and the automorphism
τ(g, h) = (σ0(h), σ0(g))
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of the form §4.1.3, with σ0 commuting with F0. Then Li = M × · · · ×M is a direct product
of di copies of M equipped with the automorphism σ = τ × · · · × τ consisting of di copies of
τ. We will fix i and write d = di. We may assume that the maximal torus Ti ⊂ Li, which
is Fi-stable and σi-stable, is of the form TM × · · · × TM, where TM ⊂ M is an FM-stable and
τ-stable maximal torus. Note that FM acts trivially onWM :=WM(TM). The Frobenius Fi acts
on Li in the following manner
M × · · · ×M −→M × · · · ×M
(m1, . . . ,md) 7−→ (FM(md), FM(m1), . . . , FM(md−1)).
(9.3.3.1)
We have a natural commutative diagram
(9.3.3.2)
Irr(Wτ
M
) −−−−→ Irr(Wσi
i
)Fiy y
Irr(WM) −−−−→ Irr(Wi)Fi
where the upper horizontal bijective map ϕM 7−→ ϕi = (ϕM, . . . , ϕM) identifies each element
of Irr(Wσi
i
)Fi with d identical copies of an element of Irr(Wτ
M
). Denote by [ϕM] and [ϕi]
the images of the vertical maps defined as in (9.2.1.3), which are matched under the lower
horizontal map.
EndowMwith the Frobenius Fd
M
. Suppose that for some choice of ϕ˜M,
(9.3.3.3) RM.τϕM 1 = |WτM|−1
∑
w∈Wτ
M
ϕ˜M(wFdM)R
M.τ
Tw.τ
1
where Tw is defined with respect to TM, is an extension of the irreducible character RM[ϕM]1 of
MF
d
M . Let us show that
(9.3.3.4) RLi.σiϕi 1 = |Wσii |−1
∑
w∈Wσi
i
ϕ˜i(wFi)R
Li.σi
Tw.σ
1
is an extension of the irreducible characterRLi[ϕi]1 of L
Fi
i
. In fact, there is a natural isomorphism
MF
d
M  LFi
i
compatible with the action of τ and σ. We are going to show that RM.τϕ 1 coincides
with RLi.σiϕL 1 under this isomorphism and they are an extension of the same character of
MF
d
M = LFi
i
corresponding to [ϕ] = [ϕL].
Applying Lemma 9.1.3 to K =Wτ
M
,H =Wσi
i
, ψ = FM, and ζ = (d, . . . , 2, 1) ∈ Sd, we deduce
from ϕ˜M an extension ϕ˜i such that for w = (w1, . . . ,wd) ∈ (WτM)d Wσii ,
ϕ˜i(wFi) = ϕ˜M(wdFMwd−1FM . . .w1FM)
= ϕ˜M(wdwd−1 . . .w1FdM).
(9.3.3.5)
Write w′1 = wdwd−1 . . .w1. Then, w is F1,i-conjugate to w
′ = (w′1, 1, . . . , 1), so for any l ∈ LFii , we
have
RLi.σi
Tw.σi
1(lσi) = R
Li.σi
Tw′ .σi
1(lσi) = Tr(lσi|H∗c(Xw′))
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We can write l = (m, FM(m), . . . , Fd−1M (m)) withm satisfying F
d
M
(m) = m. Since the two varieties
Xw′ = {B ∈ BLi |(B, Fi(B)) ∈ O(w′)},
Xw′1 = {B ∈ BM|(B, F
d
M(B)) ∈ O(w′1)}
are isomorphic, and the actions of lσi and ofmτ on the two varieties are compatible, we have
Tr(lσi|H∗c(Xw′)) = Tr(mτ|H∗c(Xw′1)) = R
M.τ
Tw′1
.τ1(mτ),
Consequently, the value of ϕ˜i(wFi)R
Li.σi
Tw.σi
1 only depends on w′1 ∈ WτM and is equal to
ϕ˜M(w′1F
d
M
)RM.τ
Tw′1
.τ
1, This, together with the fact that |Wσi
i
| = |Wτ
M
|d, shows that RM.τϕ 1 = RLi.σiϕL 1.
(Similar arguments show that RM[ϕ]1 = R
Li
[ϕi]
1.)
9.3.4. The Unitary Part, I. In this part we require that i ∈ Λ2. We keep the same notations
as above except that Fi acts on Li in the following manner
M × · · · ×M −→M × · · · ×M
(m1, . . . ,md) 7−→ (F′M(md), FM(m1), . . . , FM(md−1)),
(9.3.4.1)
where
F′M : (g, h) 7→ (F0(h), F0(g)).
Denote by F′′
M
: M→M the Frobenius
F′MF
d−1
M : (g, h) 7→ (Fd0(h), Fd0(g)).
We still have a natural identification
Irr(WτM)
F′′
M −→ Irr(Wσi
i
)Fi
ϕ 7−→ ϕL = (ϕ, . . . , ϕ)
(9.3.4.2)
(F′
M
acts trivially on Irr(Wτ
M
) since σ0 induces an inner automorphism on the Weyl group)
and an isomorphism MF
′′
M  LFi
i
. In a way similar to §9.3.3, from the equality (9.3.3.3), with
Fd
M
replaced by F′′
M
, one deduces the equality (9.3.3.4), with Fi defined in the present setting.
9.3.5. From now on we write M = G × G, G = GLǫn(q) with ǫ = ±. Denote by F0 the split
Frobenius of G and by F′0 the Frobenius of G corresponding to ǫ, and denote by σ0 an order
2 automorphism of G, which commutes with the Frobenius endomorphisms.
9.3.6. The Linear Part, II. It is essential that we allow G to be GL−n (q), which will be applied
to the unitary part later. Define
σ : M−→M F : M−→ M
(g, h) 7−→ (σ0(h), σ0(g)) (g, h) 7−→ (F′0(g), F′0(h)).
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Let χG be a unipotent irreducible character of GF
′
0 corresponding to some ϕ ∈ Irr(WG), it
defines a character χM = χG ⊗ χG ∈ Irr(MF) which is invariant under the action of σ and so
extends to MF.<σ>, denoted by χ˜M. Every σ-stable irreducible unipotent character of MF is
of the form χG ⊗ χG. Regarding ϕ as a character ofWσM, we show that up to a sign,
χ˜M|MF.σ = RM.σϕ 1 := |WσM|−1
∑
w∈Wσ
M
ϕ˜(wF)RM.σTw.σ1,(9.3.6.1)
for some choice of the extension ϕ˜.
We apply Lemma 9.1.3 by taking GF
′
0 for K and obtain
χ˜M((g, h)σ) = χG(gσ0(h))
for any (g, h) ∈MF. By Theorem1, the irreducible unipotent character ofGF′0 can be expressed
as
|WG|−1
∑
w∈WG
ϕ˜G(wF′0)R
G
Tw
1,
for some choice of ϕ˜G. The extension ϕ˜ is then defined by ϕ˜G under the isomorphism
WG  W
σ
M
, noticing that the action of F is compatible with the action of F′0 under this
isomorphism. Comparing this expression with RM.σϕ 1, we are reduced to show that for any
(g, h) ∈MF
(9.3.6.2) RM.σTwM .σ
1((g, h)σ) = RGTw1(gσ0(h))
with wM = (w, σ0(w)) ∈ WσM. Observe that (g, h)σ 7→ RGTw1(gσ0(h)) defines a function onMF.σ
invariant under the conjugation byMF.
9.3.7. Let us prove a more general assertion. Let I be an F′0-stable Levi subgroup of G.
Then J := I × σ0(I) is a σ-stable Levi factor of a σ-stable parabolic subgroup of M, which
justifies the functor RM.<σ>
J.<σ>
. Let χI be an irreducible character of IF
′
0 , it defines a character
χJ = χI ⊗ σ0(χI) ∈ Irr(JF) which is invariant under the action of σ and thus extends to JF.<σ>.
Denoted by χ˜J a choice of such extension. The following lemma with I = Tw and χI = 1
proves the above assertion.
Lemma 9.3.1. We keep the notations as above and write J¯ = J.<σ>. Assume that for any (g′, h′) ∈ JF,
we have χ˜J((g′, h′)σ) = χI(g′σ0(h′)). Then, for any (g, h) ∈MF, we have
(9.3.7.1) RM.<σ>J.<σ> χ˜J((g, h)σ) = R
G
I χI(gσ0(h)).
Proof. Let (g, h)σ = ζµ be the Jordan decomposition, with ζ semi-simple and µ unipotent,
and we write µ = (u,w) and ζ = (s, t)σ. Beware that neither s nor t is necessarily semi-simple.
Also let gσ0(h) = s¯u¯ be the Jordan decomposition, with s¯ semi-simple and u¯ unipotent. The
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proof will simply be comparing the following two formulas term by term.
RM.<σ>J.<σ> χ˜J((g, h)σ) = |JF|−1|CM(ζ)◦F|−1
∑
{x∈MF |
xζx−1∈J.σ}
∑
v∈C
x−1 J¯x(ζ)
F
u
Q
CM(ζ)◦
C
x−1 Jx(ζ)
◦(µ, v
−1)xχ˜J(ζv)
RGI χI(gσ0(h)) = |IF
′
0 |−1|CG(s¯)◦F′0 |−1
∑
{y∈GF′0 |
ys¯y−1∈I}
∑
v1∈Cy−1 Iy(s¯)
◦F′0
u
Q
CG(s¯)◦
C
y−1 Iy(s¯)
◦(u¯, v
−1
1 )
yχI(s¯v1).
An element (z1, z2) ∈M commuteswith (s, t)σ if and only if z2 = tσ0(z1)t−1 and z1 = sσ0(z2)s−1,
if and only if z1 ∈ CG(sσ0(t)) and z2 = tσ0(z1)t−1, whence an isomorphism CM((s, t)σ) 
CG(sσ0(t)). An element ofM.<σ> is semi-simple if and only if its square is semi-simple since
the characteristic is odd. The equality ((s, t)σ)2 = (sσ0(t), tσ0(s)) shows that sσ0(t) is semi-
simple. The unipotent part (u,w) commutes with (s, t)σ, so u ∈ CG(sσ0(t)). Considering the
equality
(gσ0(h), hσ0(g)) = ((g, h)σ)2 = ((s, t)σ)2(u,w)2 = (sσ0(t), tσ(s))(u2,w2),
wehave gσ0(h) = sσ0(t)u2. This gives the Jordandecompositionof gσ0(h) becauseu commutes
with sσ0(t) and u2 is unipotent. Therefore, s¯ = sσ0(t), u¯ = u2 and |CM(ζ)◦F| = |CG(s¯)◦F′0 |.
Write x = (x1, x2) ∈ MF. The condition xζx−1 ∈ J.σ means that x1sσ0(x−12 ) ∈ I and that
x2tσ0(x−11 ) ∈ σ0(I), which implies that x1sσ0(t)x−11 ∈ I. Fix (x1, x2) satisfying xζx−1 ∈ J.σ,
then every element of (x1, σ0(IF
′
0)x2) also satisfies it. Let (x1, x2) and (x1, x′2) be two elements
satisfying xζx−1 ∈ J.σ, then the conditions x1sσ0(x−12 ) ∈ I and x1sσ0(x
′−1
2 ) ∈ I implies that
x′2x
−1
2 ∈ σ0(IF
′
0 ). We thus obtain a bijection of sets
{x ∈MF|xζx−1 ∈ J.σ}  {y ∈ GF′0 |ys¯y−1 ∈ I} × IF′0 ,
with y corresponding to the factor x1 of x. We will see that the sum over x in the character
formula is invariant under multiplying x2 by an element of σ0(IF
′
0 ) on the left, which cancels
a factor |IF′0 | from |JF| = |IF′0 |2.
The isomorphism CM(ζ)◦  CG(s¯)◦ restricts to an isomorphism Cx−1 Jx(ζ)◦  Cy−1Iy(s¯)◦. For
characteristic reason, the unipotent elements ofCx−1 Jx(ζ) are contained inCx−1 Jx(ζ)
◦ by [DM94,
Remarque 2.7] and [DM94, Théorème1.8 (i)], whence a bijectionCx−1 Jx(ζ)
◦F
u  Cy−1Iy(sσ0(t))
◦F′0
u ,
by which v = (v1, v2) is sent to v1.
Nowwe compare the characters xχ˜J(ζv) et yχI(s¯v1). Write x = (x1, x2) and v = (v1, v2). Then
(9.3.7.2) xζvx−1 = (x1sσ0(v2)σ0(x2)−1, x2tσ0(v1)σ0(x1)−1)σ.
Taking into account the equality v2 = tσ0(v1)t−1, we have
(9.3.7.3)
(
x1sσ0(v2)σ0(x2)−1
)
σ0
(
x2tσ0(v1)σ0(x1)−1)
)
= x1sσ0(t)v21x
−1
1 .
By assumption, χ˜J((g′, h′)σ) = χI(g′σ0(h′)), for any (g′, h′) ∈ JF, whence
(9.3.7.4) xχ˜J(ζv) = χI(x1sσ0(t)v21x
−1
1 ) =
x1χ˜I(s¯v21),
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where we also see that multiplying x2 by an element of σ0(IF0) on the left does not change
the value. Since v 7→ v2 defines a bijection of Cy−1Iy(s¯)◦F
′
0u into itself, it only remains to show
the first of the following equalities of Green functions
(9.3.7.5) QCG(s¯)
◦
C
y−1 Iy(s¯)
◦(u
2, v−21 ) = Q
CG(s¯)◦
C
y−1 Iy(s¯)
◦(u, v
−1
1 ) = Q
CM(ζ)◦
C
x−1 Jx(ζ)
◦(µ, v
−1),
which follows from the fact that the value of the Green function only depends on the
associated partition and a power prime to p does not change the Jordan blocks of a unipotent
matrix. 
9.3.8. The Unitary Part, II. Define
σ : M−→M F : M−→ M
(g, h) 7−→ (σ0(h), σ0(g)) (g, h) 7−→ (F0(h), F0(g)).
Now,MF is isomorphic toGF
2
0 under themap (g, F0(g)) 7→ g, andMσ is isomorphic toG under
the map (g, σ0(g)) 7→ g. The Frobenius F acts onMσ  G by g 7→ σ0F0(g). The automorphism
σ acts onMF by
(g, F0(g)) 7→ (σ0F0(g), σ0(g)) = (σ0F0(g), σ0F20(g)),
or in other words, σ acts on GF
2
0 as σ0F0.
Let χM be a unipotent irreducible character of MF, and let χ˜M be an irreducible character
ofMF.<σ>that extends χM. We are going to show that up to a sign,
χ˜M|MF.σ = RM.σϕ 1 = |WσM|−1
∑
w∈Wσ
M
ϕ˜(wF)RM.σTw.σ1(9.3.8.1)
for some choice of ϕ˜. Under the isomorphism Wσ
M
 WG, the Frobenius F acts as σ0 on
WG, and so an F-stable character of WσM is just a character of WG. We are reduced to show
that if χG is an irreducible unipotent character of GF
2
0 corresponding to ϕ ∈ Irr(WG), then its
extension χ˜G to GF
2
0 .<σ0F0>is given by the above formula up to a sign.
We need the Shintani descent. Suppose that χG ∈ Irr(GF20)σ0F0 is the unipotent character
corresponding to ϕ ∈ Irr(WG)σ0 . We apply Theorem 7.3.1 with (σ1Fm0 , σ2F0) = (F20, σ0F0), i.e.
m = 2, σ1 = 1 and σ2 = σ0, and deduce that
χ˜G = Eσ0F0(χG) = Shσ0F0/F20 Ω
2
σ0F0
RG
σ0F0
ϕ 1
= ± Shσ0F0/F20 R
Gσ0F0
ϕ 1 = ± Shσ0F0/F20 |WG|
−1
∑
w∈WG
ϕ˜(wσ0F0)RG
σ0F0
Tw
1,(9.3.8.2)
since Ω2
σ0F0
= ±1 because RGσ0F0ϕ 1 is an irreducible unipotent character Gσ0F0 on which Ω2σ0F0
acts as a scalar, whose value is given by §7.1.6. For example, Ωσ0F0 = 1 on principal series
representations andΩ2
σ0F0
= −1 on cuspidal unipotent characters according to ([L77, Table I]).
The sign (±1) does not matter since the two extensions of χG only differ by a sign. It remains
to show that Shσ0F0/F20 R
Gσ0F0
Tw
1 = RM.σ
TwM .σ
1, where wM is as in (9.3.6.2) and M is equipped with
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the Frobenius F. The function RG
σ0F0
Tw
1 is invariant under F20-conjugation as F
2
0 acts trivially
on Gσ0F0 , which justifies Shσ0F0/F20 ◦R
Gσ0F0
Tw
1.
Proposition 7.4.1 gives
(9.3.8.3) ShσF/F ◦RMσF.σTwM .σ1 = R
MF.σ
TwM .σ
1.
(One checks that with respect to a fixed F-stable and σ-stable maximal torus T ⊂ M, the
maximal torus TwM of type wM with respect to F is also of type wM with respect to σF, using
the fact that for σ quasi-central, wM has a representative in Mσ.) Since F acts as σ on MσF,
the function RM
σF.σ
TwM .σ
1 is invariant under the F-conjugation of MσF, and its Shintani descent
ShσF/F ◦RMσF.σTwM .σ1 belongs to C(M
F.σF). There is a natural bijection C(MF.σF) ∼↔ C(GF
2
0 .σ0F0).
Let us show that
Shσ0F0/F20 ◦R
Gσ0F0
Tw
1 = ShσF/F ◦RMσF.σTwM .σ1,
which concludes the proof.
For g ∈ GF20 , there exists x ∈ G such that xσ0F0(x)−1 = g, and so
NF20/σ0F0
(g) = x−1F20(x) ∈ Gσ0F0 .
We also have
(x, F0(x))σF(x−1, F0(x)−1) = (g, F0(g)),
and so
NF/σF((g, F0(g)) = (x−1, F0(x)−1)F(x, F0(x)) = (x−1F20(x), 1) ∈MσF.
Therefore,
ShσF/F ◦RMσF.σTwM .σ1((g, F0(g))
1
= RM
σF.σ
TwM .σ
1((x−1F20(x), 1))
2
= RG
σ0F0
Tw
1(x−1F20(x))
3
= Shσ0F0/F20 ◦R
Gσ0F0
Tw
1(g).
(9.3.8.4)
Equality 1 is the definition of Shintani descent andwehave identified the functions onMσF.σ
to the functions onMσF invariant under the F-conjugation. We have equality 2 by (§9.3.6.2)
with the automorphism σ(g, h) = (σ0(h), σ0(g)) and the Frobenius σF(g, h) = (σ0F0(g), σ0F0(h)).
Equality 3 is again the definition of Shintani descent.
9.4. Extensions of Quadratic-Unipotent Characters. In this section, we focus on L0 
GLn0(k), equipped with the Frobenius F0 which sends each entry to its q-th power. Let
σ0 and σ′0 be the automorphisms defined for GLn0 (k) in the same way σ and σ
′ are defined
for GLn(k). Now the semi-direct product of GLn0(k) by σ0 (resp. by σ
′
0) is denoted by
s
G¯0
(resp. oG¯0). Wemay regard σ0 also as an element of
o
G¯0, acting as σ0 on GLn0(k) but satisfying
σ20 = − Id. The point is that, we want to fix a quasi-central element in
o
G¯0 to work with, and
σ0 is a convenient choice. When we need to distinct
s
G¯0 and
o
G¯0, it is useful to adopt the
following point of view: in either case, we express an element not in the identity component
as gσ0 with g ∈ L0, and regard an invariant function in gσ0 as a function in g that is invariant
under the σ0-conjugation.
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9.4.1. Let (µ+, µ−) be a 2-partition of n0 and write n+ = |µ+| and n− = |µ−|. Let m+ and
m− be some non negative integers such that (m+, . . . , 2, 1) and (m−, . . . , 2, 1) are the 2-cores of
µ+ and of µ− respectively, and write N± = (n± − m±(m± + 1))/2. There exists a unique pair
(h1, h2) ∈N ×Z such that
m+ = sup(h1 + h2,−h1 − h2 − 1)
m− = sup(h1 − h2, h2 − h1 − 1).
(9.4.1.1)
Note that exchanging µ+ and µ− sends (h1, h2) to (h1,−h2). Write
m = m+(m+ + 1)/2 +m−(m− + 1)/2,
and so n0 = m + 2N+ + 2N−. We have m = h1(h1 + 1) + h22. Fix some integers r+ > l(µ+) and
r− > l(µ−) satisfying:
Assumption. r− ≡ h2 mod 2; r+ ≡ h2 + 1 mod 2.
Let (α+, β+)r+ and (α−, β−)r− be the 2-partitions associated to µ+ and to µ− respectively (See
§1.1.3), such that the unordered 2-partitions (α+, β+) and (α−, β−) are the corresponding 2-
quotients. Each of the two 2-partitions (α±, β±)r± determines an (isomorphism class of)
irreducible representation ofWC
N±
respectively, denoted by ρ+ and ρ−. Then with the fixed
r+ and r−, the 2-partitions (µ+, µ−) are in bijection with the data (h1, h2, ρ+, ρ−), identifying ρ+
and ρ− with the 2-partitions.
9.4.2. We also consider the data (h1, h2,w+,w−), withw+ ∈WCN+ andw− ∈WCN− , where h1, h2,
N+ andN− are as above. To simplify, wewriteW+ =WCN+ ,W− =W
C
N−
andw = (h1, h2,w+,w−)
instead. To eachw is associated an F0-stable and σ0-stable Levi factor of a σ0-stable parabolic
subgroup, isomorphic to Lw  Tw+ ×Tw− ×GLm(k), each factor preserved by σ0, where Tw± is
isomorphic to (k∗)2N± equippedwith the Frobenius twisted byw±. Wewrite σ0 = σ+×σ−×σ00
and F0 = F+ × F− × F00 with respect to this decomposition.
9.4.3. We describe the cuspidal local systems on GLm(k).σ00. Let (h1, h2) ∈ N × Z be as
above. By §4.3.2, there is a unique semi-simple isolated conjugacy class on GLm(k).σ00
with connected centraliser isomorphic to Sph1(h1+1)(k) × SOh22 (k). Let sσ00 be an F-stable
element representing this conjugacy class. By Theorem 1.4.1, there is a unique cuspidal
local system on Sph1(h1+1)(k) × SOh22(k), which is supported on the unipotent conjugacy class
whose symplectic (resp. orthogonal) component corresponds to the symplectic partition
λ1 := (2h1, 2h1 − 2, . . . , 2) (resp. orthogonal partition λ2 := (2|h2 | − 1, 2|h2 | − 3, . . . , 1)). Let
u = (u1, u2) ∈ Sph1(h1+1)(k) × SOh22 (k) be an F-stable element representing this unipotent
conjugacy class.
By Lemma 8.1.2, the cuspidal local systems on GLm(k).σ00 is supported on the conjugacy
class of sσ00u, which itself is an isolated stratum according to Example 8.1.1. The irre-
ducible equivariant local systems on this conjugacy class are parametrised by ((Z/2Z)κ(λ1))∨×
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((Z/2Z)κ(λ2))∨ since the component group of CGLm(k)(sσ00u) is isomorphic to (Z/2Z)
κ(λ1) ×
(Z/2Z)κ(λ2) according to §1.3.2. The irreducible equivariant local systems on the conjugacy
class of u ∈ Sph1(h1+1)(k) × SOh22(k) are parametrised by ((Z/2Z)
κ(λ1))∨ × ((Z/2Z)κ(λ2))∨/∆ for
similar reasons. The restriction map that sends a local system on the class of sσ00u to the
class of u in CGLm(k)(sσ00u)
◦ is given by the natural quotient map
(9.4.3.1) ((Z/2Z)κ(λ1))∨ × ((Z/2Z)κ(λ2))∨ −→ ((Z/2Z)κ(λ1))∨ × ((Z/2Z)κ(λ2))∨/∆.
Therefore by Lemma 8.1.2 again, there are two cuspidal local systems supported on the class
of sσ00u, corresponding to the fibre of the above quotient map over the unique cuspidal local
system on Sph1(h1+1)(k) × SOh22(k). These exploit all cuspidal local systems on GLm(k).σ00.
9.4.4. We may choose sσ00 in such a way that CGLm(q)(sσ00) is split. Denote by C1 ⊂
Sph1(h1+1)(k) (resp. C2 ⊂ SOh22(k)) the conjugacy class of u1 (resp. u2), and by E1 (resp.E2) the unique cuspidal local system supported on C1 (resp C2), which is necessarily F-
stable, i.e. there is an isomorphism ψ1 : F∗E1 ∼→ E1 (resp. an isomorphism ψ2 : F∗E2 ∼→ E2).
Recall that ̺ is the nontrivial irreducible character of Z/2Z.
The Sph1(h1+1)(q)-conjugacy classes contained in C
F
1 are parametrised by the elements of
(Z/2Z)κ(λ1). For any a = (ei)i∈κ(λ1) ∈ (Z/2Z)κ(λ1), denote by Ca the corresponding conjugacy
class. We choose u1 to be the split element [S07, §2.9] of C1 so that if ψ1 is normalised in such
a way that it induces the identity map on the stalk (E1)u1 , then the characteristic function φ1
of E1 is given by
φ1(Ca) =
∏
i∈{1,...,h1}, i is even
̺(e2i),
according to §1.4.3.
The SOh22(q)-conjugacy classes contained inC
F
1 areparametrisedby the elements of (Z/2Z)
κ(λ2)−1,
identified with the subgroup of elements (ei)i∈κ(λ2) ∈ (Z/2Z)κ(λ2) with
∑
i ei = 0. For any
a = (ei)i∈κ(λ2) ∈ (Z/2Z)κ(λ2)−1, denote by Ca the corresponding conjugacy class. Again, we
choose u2 to be the split element of C2 so that ifψ2 is normalised in such a way that it induces
the identity map on the stalk (E2)u2 , then the characteristic function φ2 of E2 is given by
φ2(Ca) =
∏
i∈{1,...,|h2|}, i is odd
̺(e2i−1),
according to §1.4.3.
We choose sσ00 and u = (u1, u2) as above and denote by C the conjugacy class of sσ00u.
The GLm(q)-conjugacy classes contained in CF are parametrised by (a, b) ∈ (Z/2Z)κ(λ1) ×
(Z/2Z)κ(λ2), and we denote by Ca,b the corresponding conjugacy class. If we normalise the
isomorphism ψ : F∗E ∼→ E for a cuspidal local system E supported on the conjugacy of sσ00u
in such a way that the inducedmap on the stalk at sσ00u is the identity, then the characteristic
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function φ is either
φ(Ca,b) =
∏
i∈{1,...,h1}, i is even
̺(e2i)
∏
j∈{1,...,|h2|}, j is odd
̺(e′2 j−1),
with (a, b) = ((ei), (e′j)), or
φ(Ca,b) =
∏
i∈{1,...,h1}, i is even
̺(e2i)
∏
j∈{1,...,|h2|}, j is even
̺(e′2 j−1),
since the two elements in the fibre of (9.4.3.1) differ by ∆ = (̺, . . . , ̺). We call these functions
cuspidal functions.
9.4.5. To each (h1, h2) ∈ N ×Z is associated a unique cuspidal function φ(h1, h2) supportd
on C. Put
s(h2) =

0, if h2 ≥ 0,
1, if h2 < 0,
and put
δ(h1) = dimC1 =
|h32 − h2|
3
,
δ(h2) = dimC2 =
h1(2h1 + 1)(h1 + 1)
6
,
δ(h1, h2) = δ(h1) + δ(h2).
Then, φ(h1, h2) is defined as
(9.4.5.1) φ(h1, h2)(Ca,b) = qδ(h1 ,h2)/2
∏
i∈{1,...,h1}
i is even
̺(e2i)
∏
j∈{1,...,|h2|}
j≡h1+1+s(h2) mod 2
̺(e′2 j−1),
with (a, b) = ((ei), (e′j)).
Remark 9.4.1. We have in fact simultaneously produced two functions, one on GLm(q) ⋊
<σ00>\GLm(q) and the other on GLm(q) ⋊<σ′00>\GLm(q) with σ′00 being the orthogonal type
automorphism. Regarded as functions on GLm(q) that are invariant under σ00-conjugation,
they are identical.
9.4.6. Let Id be the trivial character of TF+w+ . It trivially extends to T
F+
w+ .<σ+>, and so we can
regard Id as a function onTF+w+ .σ+. Similarly, composing ηwith the homomorphismT
F−
w− → F∗q
defined by the product of norm maps, we can regard η as an invariant function on TF−w− .σ−,
whose value at σ− is equal to 1. Then, Id ⊠˜η⊠˜φ(h1, h2) is an invariant function on LFw.σ0,
denoted by φw.
Remark 9.4.2. In the case of oG¯0, the element σ0 satisfies σ20 = −1 and so is each of its
component: σ+, σ− and σ00. We can nevertheless extend η in such a way that its value at σ−
is equal to 1, because the value of η, regarded as a character of TF−w− is always equal to 1 at
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−1 ∈ TF−w− . Consequently, we have defined functions φw both in
s
G¯0 and in
o
G¯0. Regarded as
functions on LFw that are invariant under the σ0-conjugation, they are identical.
Denote by ϕ+ and ϕ− the characters of ρ+ and of ρ− respectively. We have then the
invariant functions on LF00 .σ0 defined by
(9.4.6.1) RL0.σ0ρ :=
1
|W+|
1
|W−|
∑
w+∈W+
w−∈W−
ϕ+(w+)ϕ−(w−)RL0.σ0Lw.σ0φw.
This is the characteristic function of character sheaf obtained in Example 8.1.6. Again, this
definition makes sense in sG¯0 and in
o
G¯0.
9.4.7. We keep the notations as above and assume that p , 2 and q > n0. Let χ(µ+,µ−) be a
quadratic-unipotent character, which extends to a character χ˜(µ+,µ−) ∈ Irr(LF00 .<σ0>). Recall
that to each pair of partitions (µ+, µ−) is associated a unique tuple (h1, h2, ρ+, ρ−) as in §9.4.1,
which defines the function RL0.σ0ρ above.
Theorem 9.4.3. ([W, §17]) Suppose LF00 .<σ0>=
o
G¯0 if n0 is even. Then for any (µ+, µ−) ∈ Pn0(2),
we have,
(9.4.7.1) χ˜(µ+,µ−)|LF00 .σ0 = ±R
L0.σ0
ρ .
Given a quadratic-unipotent character χ0 of GLn0 (q), let ρ : GLn0(q) → GL(V) be a
representation that realises it. Then ρ(− Id) = ± IdV, with ρ(− Id) = − IdV exactly when
χ(− Id) = −χ(Id). Define the indicator
γχ =

i if χ(− Id) = −χ(Id);
1 otherwise.
Corollary 9.4.4. Suppose that n0 is even and L
F0
0 .<σ0>=
s
G¯0. Then for any (µ+, µ−) ∈ Pn0(2), we
have,
(9.4.7.2) χ˜(µ+,µ−)|LF00 .σ0 = ±γχR
L0.σ0
ρ .
Proof. This follows from §4.2.3. One sees from Proposition 3.2.3 that the induced function
RL0.σ0
Lw.σ0
φw, regarded as a function on LF0 invariant under σ0-conjugation, does not depend on
whether we work with sG¯0 or with
o
G¯0. 
10. Computation of the Character Formula
In order to determine the character table of GLn(q).<σ>, we need to explicitly calculate
the induced functions of the form RG.σ
M.σ
φM for some invariant function φM defined on some
σ-stable and F-stable Levi factorM of some σ-stable parabolic subgroup.
10.1. Connected Groups.
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10.1.1. Let us recall how this is done for a split connected group G. Fix a split maximal
torus T0 and letWG denote the Weyl group defined by T0. Let us simplify the situation and
assume thatM = Tτ, τ ∈WG, is a maximal torus. The character formula (cf. §3.1.2) reads
(10.1.1.1) RGTτθ(g) = |TFτ |−1|C◦G(s)F|−1
∑
{h∈GF |s∈hTτ}
Q
C◦
G
(s)
C◦
hTτ
(s)(u)
hθ(s),
for the Jordan decomposition g = su. Assume that s ∈ TFτ , and put
(10.1.1.2) A(s, τ) := {h ∈ G | hsh−1 ∈ Tτ}.
We have to determine the set
(10.1.1.3) AF(s, τ) := {h ∈ A(s, τ) | F(h) = h}.
10.1.2. Write L = CG(s)◦. Define
B(s, τ) :={The LF-conjugacy classes of the F-stable maximal tori of L
that are GF-conjugate to Tτ.}
(10.1.2.1)
It parametrises a subset of the Green functions of LF. We fix s and τ and write A, AF and B
in what follows. Observe that there is a surjective map AF → B which sends h to the class
of h−1Tτh. It factors through ι : AF/LF → B. The value of the Green function only depends
on ι(h) while hθ(s) is constant on each right LF-coset of AF. The calculation is eventually
reduced to evaluating hθ(s) on the fiber of ι over an element ν¯ ∈ B. We may regard ν¯ as the
F-conjugacy class of some ν ∈WL(Tτ).
10.1.3. We have A = NG(Tτ).L, that is, the set of the elements nl, with n ∈ NG(Tτ) and
l ∈ L, since for each h, there exists l ∈ L such that h−1Tτh = lTτl−1. We deduce from it an
isomorphism
(10.1.3.1) AF/LF  (A/L)F  (NG(Tτ)/NL(Tτ))F  (WG(Tτ)/WL(Tτ))F,
which sends h = nl to the class of n. This does not depend on the choice of the n and l such
that h = nl. We choose some g ∈ G such that Tτ = gT0g−1, and put L0 = g−1Lg. We can
further identify the above set to (WG(T0)/WL0(T0))
τ. Write WL0 = WL0(T0). The conjugation
by τ preserves L0 since L is F-stable. Now, a coset wWL0 is τ-stable if and only if
(10.1.3.2) w−1τwτ−1 ∈WL0
and ι(wWL0) ∈ ν¯ if and only if
(10.1.3.3) w−1τwτ−1 ∈ ν¯,
regarding ν¯ as a τ-conjugacy class of WL0(T0). Indeed, if hL
F corresponds to wWL, then the
LF-conjugacy class of h−1Tτh = l−1Tτl is represented by lF(l)−1 = n−1F(n), which is none other
than w−1τwτ−1 under ad g−1. The computation of the w’s is completely combinatorial.
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10.1.4. To summarise, once theGreen functions have been computed (see the introduction),
the calculation of the character formula goes as follows.
(i) Describe combinatorially the sets AF/LF and B;
(ii) Specify a surjection ι : AF/LF → B and calculate the fibres of ι;
(iii) For each ν¯ ∈ B and each hLF ∈ ι−1(ν¯), evaluate the character θ(hsh−1).
The summation in the character formula is decomposed into one summation over B and
then one summation over the fibre of ι. We also see that the summation of the hθ(s)’s over
each fibre of ι is just permuting the "eigenvalues" of s.
10.2. The Case of GLn(q).<σ>.
10.2.1. We will change our notations in what follows. Let N and m be some non negative
integers such that 2N + m = n. Write G = GLn(k), and let M0 be the σ-stable standard Levi
subgroup of G isomorphic to GLm(k) × (k∗)2N (with respect to upper triangular matrices and
diagonal matrices), then Wσ := NG(M0.σ)/M0  WCN and F acts trivially on W
σ. For any
τ ∈ Wσ, let Mτ  GLm(k) × (k∗)2N be an F-stable and σ-stable Levi factor of some σ-stable
parabolic subgroup of G, such that the GF-conjugacy class of Mτ.<σ> is then parametrised
by the conjugacy class of τ. We can assume thatMτ = gτM0g−1τ for some gτ ∈ (Gσ)◦ such that
g−1τ F(gτ) = τ˙ ∈ NG(M0) is a representative of τ. We will fix such a τ in what follows.
10.2.2. Let sσ ∈ GF.σ be a semi-simple element and let (h1, h2) ∈N ×Z. Define
A(sσ, τ, h1, h2) ={h ∈ G | hsσh−1 ∈Mτ.σ is isolated with CMτ(hsσh−1) isomorphic
to the product of Sph1(h1+1)(k) ×Oh22 (k) and a torus}.
Define
AF(sσ, τ, h1, h2) = {h ∈ A(sσ, τ, h1, h2)|F(h) = h}.
We will give a combinatorial description of this set.
Write L′ = CG(sσ)◦. IfK′ ⊂ L′ is anF-stable Levi subgroup, putK = CG(Z◦K′). By Proposition
2.1.4, it is the smallest F-stable and sσ-stable Levi subgroup of G such that (K ∩ L′)◦ = K′,
which is a Levi factor of an sσ-stable parabolic subgroup, sayQ. SoNG¯(K)∩NG¯(Q) = K.<sσ>.
Moreover, from Proposition 2.1.8 (i), we deduce that sσ is isolated in K.<sσ>.
Lemma 10.2.1. Suppose that sσ is an F-stable semi-simple element with connected centraliser
isomorphic to Spns(k) × SOno(k) ×
∏
iGLni(k) for some non negative integers ns, no and ni’s. If
h1(h1 + 1) ≤ ns and h22 ≤ no, then there exists some µ ∈Wσ such that sσ is GF-conjuate to an element
ofMµ.σ such that its connected centraliser inMµ is isomorphic to the product of Sph1(h1+1)(k)×SOh22 (k)
and a torus.
Proof. We use the notations above the lemma. By assumption, there exists an F-stable Levi
subgroup K′ ⊂ L′ that is isomorphic to the product of Sph1(h1+1)(k) × SOh22(k) and a torus.
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Then K is isomorphic to the product of GLm(k) and a torus, therefore G-conjugate toM0. By
Proposition 2.2.4, K.<sσ> is GF-conjugate to someMµ.<σ>. 
Define
B(sσ, τ, h1, h2) ={ The L′F-conjugacy classes of the F-stable Levi subgroups K′ ⊂ L′
isomorphic to the product of Sph1(h1+1)(k) × SOh22 (k) and a torus
such that K.<sσ> is GF-conjugate toMτ.<σ>.}
In what follows, we fix sσ, τ, h1 and h2, then A(sσ, τ, h1, h2) and B(sσ, τ, h1, h2) may be denoted
by A and B.
10.2.3. We will assume that sσ ∈ Mµ for a fixed µ. Write s0σ = g−1µ sσgµ, L′0 = CG(s0σ)◦
and L′ = CG(sσ)◦. Then s0σ ∈ M0.σ is isolated with connected centraliser isomorphic to the
product of Sph1(h1+1)(k) × SOh22(k) and a torus.
Lemma 10.2.2. There is a natural bijection:
A ∼←→ NG(M0.σ).L′0(10.2.3.1)
h ←→ g−1τ hgµ.(10.2.3.2)
Proof. For h ∈ A, write x = g−1τ hgµ. By definition, xs0σx−1 ∈ S. There exists l ∈ L′0 such that
x−1M0x ∩ L′0 = l(M0 ∩ L′0)l−1 = lM0l−1 ∩ L′0.
By assumption, s0σ is isolated in x−1M0.<σ>x and in M0.<σ>, and so Remark 2.1.6 implies
that x−1M0x = lM0l−1. So there exists n ∈ NG(M0) such that x = nl−1. From the fact xs0σx−1 ∈ S
we see that nσ(n)−1 ∈M0.
Let us determine the set NG(M0.σ). If n normalisesM0.σ, then it normalisesM0.σ.M0.σ, so
it normalises M0. Then, nM0.σn−1 = nM0n−1nσ(n−1)σ ∈ M0.σ, so nσ(n−1) ∈ M0. We see that
NG(M0.σ) consists of those components of NG(M0) that are σ-stable. Finally, we note that nl
belongs to A, for any n ∈ NG(M0.σ) and l ∈ L′0. 
Since F(h) = F(gτxg−1µ ) = gττ˙F(x)µ˙−1g−1µ , the Frobenius is transferred to the map Fτ,µ : x 7→
τ˙F(x)µ˙−1 via the above bijection. The set NG(M0.σ).L′0 is mapped into itself by Fτ,µ.
WriteM′0 = CM0(s0σ)
◦. It is a Levi subgroup ofL′0 isomorphic to the product of Sph1(h1+1)(k)×
SOh22 (k) and a torus. Similarly, for any v ∈W
σ such that sσ ∈Mv.σ, writeM′v = CMv(sσ)◦.
Corollary 10.2.3. There is a natural bijection:
(10.2.3.3) AF/L′F  (NG(M0.σ)/NL′0(M
′
0))
Fτ,µ .
Remark 2.1.7 implies that NL′0(M
′
0) is indeed a subgroup of NG(M0.σ).
Proof. Since L′0 is connected,A
F/L′F  (A/L′)F. The bijection is then induced from the bijection
of Lemma 10.2.2. 
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10.2.4. Let us point out that the identity component of NG(M0.σ) is M0 whereas that of
NL′0(M
′
0) isM
′
0, so we cannot directly reduce the problem to a purely combinatorial one as in
§10.1.1.
Write N′0 = NL′0(M
′
0) and N¯
′
0 := N
′
0.M0. It is the union of the connected components of
NG(M0.σ) that meet L′0.
Lemma 10.2.4. Each connected component of N¯′0 contains exactly one connected component of N
′
0.
Proof. It suffices to consider the identity components of the two groups. Note that the
connected component of an element of N′0 are determined by its action on Z
◦
M′0
. An element
of the identity component of N¯′0 must induce trivial action on this torus because M0 =
CG(Z◦M′0
). 
We deduce from this lemma an isomorphism N′0/M
′
0  N¯
′
0/M0. We can then regard
W′0 := NL′0(M
′
0)/M
′
0 as a subgroup ofW
σ.
Lemma 10.2.5. Let n ∈ NG(M0.σ) and let w be the class of n in Wσ. Then
(i) The coset nN′0 is Fτ,µ-stable if and only if
(10.2.4.1) n−1τ˙F(n)µ˙−1 ∈ N′0;
(ii) In the case of (i), we have
(10.2.4.2) w−1τwµ−1 ∈W′0.
Proof. Obvious. 
Lemma 10.2.6. Suppose that there exists some w ∈Wσ satisfying (10.2.4.2). Then there exists some
n ∈ NG(M0.σ) that represents w and satisfies (10.2.4.1).
Proof. Let w˙ ∈ NG(M0.σ) be an F-stable element representing w then we want to find an
element t ∈M0 such that
w˙−1t−1τ˙F(t)w˙µ˙−1 ∈ N′0.
Write
w˙−1t−1τ˙F(t)w˙µ˙−1 =
(
w˙−1t−1Fτ(t)w˙
)(
w˙−1τ˙w˙µ˙−1
)
.
Since t 7→ t−1Fτ(t) is surjective ontoM0, the desired t exists and tw˙ is the sought-for n. 
Proposition 10.2.7. Let sσ be an F-stable semi-simple element with connected centraliser isomorphic
to Spns(k) × SOno(k) ×
∏
iGLni(k) for some non negative integers ns, no and ni’s. Then the set
AF(sσ, τ, h1, h2) is non-empty if and only if
(i) h1(h1 + 1) ≤ ns, h22 ≤ no and,
(ii) the solution set of equation (10.2.4.2) is non-empty.
Proof. This is a combination of Corollary 10.2.3, Lemma 10.2.1, Lemma 10.2.11 and Lemma
10.2.6. 
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Remark 10.2.8. Condition (ii) in the above Proposition is actually independent of the choice
of µ. Indeed, from the proof of Lemma 10.2.1, one sees that the choice of Mµ comes from a
choice of an F-stable Levi subgroupK′ ⊂ L′ and a different choice ofK′ results in multiplying
µ on the left by an element ofW′0.
10.2.5. We assume from now on that AF is non-empty.
Lemma 10.2.9. The map
ι : AF/L
′F −→ B
hL
′F 7−→ the class of Ch−1Mτh(sσ)◦.
(10.2.5.1)
is well defined and surjective.
Proof. If h ∈ AF, then hsσh−1 normalises Mτ and a parabolic subgroup containing it, so sσ
normalises h−1Mτh and a parabolic subgroup containing it. It follows that K′ := C◦h−1Mτh(sσ)
is an F-stable Levi subgroup of L′. We then obtain the Levi subgroup K as above. From the
fact that Ch−1Mτh(sσ) = h
−1CMτ(hsσh−1)h and from the assumption on hsσh−1, we deduce that
sσ ∈ K.<sσ>is isolated with centraliser isomorphic to the product of Sph1(h1+1)(k)×Oh22 (k) and
a torus. Since sσ is also isolated in h−1Mτ.<σ>h, by Remark 2.1.6, we have K = h−1Mτh, and
so K.<sσ>= h−1Mτ.<σ>h. We see that the L
′F-class of K′ indeed belongs to B. Obviously this
map factors through the quotient AF/L
′F. Given K′ ∈ B with h ∈ GF such that hK.<sσ>h−1 =
Mτ.<σ>, the same argument shows that h ∈ AF, whence surjectivity. 
10.2.6. We can in fact further assume that sσ ∈ Mτ.σ, i.e. µ = τ as long as AF is non-empty.
The equation (10.2.4.2) then becomes
w−1τwτ−1 ∈W′0,
withW′0 being stable under conjugation by τ, and we will denote byW(sσ, τ) the set of those
w ∈ Wσ satisfying this condition. Then B is the set of τ-conjugacy classes of W′0 that meet
{w−1τwτ−1 | w ∈W(sσ, τ)}.
Remark 10.2.10. With τ = µ, the condition (10.2.4.2) simply means that the τ-conjugacy class
ofwmeetsW′0. This is what onewould guesswithout any computation. But it is not useful in
determining whetherAF is empty or not, because one would have to first find a G-conjugate
s0σ of sσ such that the associated W′0 is τ-stable, which is an equally difficult problem. In
practice, it is easier to find some µ ∈ Wσ and some s0σ such thatW′0 is µ-stable, then we can
see if AF is empty using (10.2.4.2).
Let ν¯ be a τ-conjugacy class ofW′0.
Lemma 10.2.11. Let n ∈ NG(M0.σ) and let w be the class of n in Wσ. Suppose that n satisfies
(10.2.4.1). Then under the bijection (10.2.3.3) between the classes of h and the classes of n, the
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Fτ˙-stable Levi subgroup Ch−1Mτh(sσ)
◦ ⊂ L′ lies in the class ν¯ if and only if
(10.2.6.1) w−1τwτ−1 ∈ ν¯.
Proof. Write h = nl with n ∈ NG(Mτ.σ) and l ∈ L′. The L′F-class of the Levi subgroup
Ch−1Mτh(sσ)
◦ = l−1M′τl ⊂ L′ is given by lF(l)−1 = n−1F(n) ∈ NL′(M′τ), or rather n−10 τ˙F(n0)τ˙−1 ∈
NL′0(M
′
0), with n0 = g
−1
τ ngτ. Then the class of n0 is w. 
Denote byWτ,ν the subset ofW(sσ, τ) consisting of elements w satisfying (10.2.6.1).
Lemma 10.2.12. We have:
(i) Wτ,ν is a union of W′0-cosets;
(ii) Wτ,ν surjects onto ν¯ via w 7→ w−1τwτ−1;
(iii) The fibre inWτ,ν over each element of ν¯ is in bijection with CWσ(τ).
Proof. (i) and (ii): Ifw−1τwτ−1 = ν andw0 ∈W′0, then (ww0)−1τww0τ−1 = w−10 ν(τw0τ−1). (iii): If
w1 andw2 aremapped to the same element of ν¯ under themap of (ii), thenw2 ∈ CWσ(τ)w1. 
The combinatorial aspect of AF is now completely understood.
10.2.7. Let h ∈ AF and suppose that h = nl for some n ∈ NG(Mτ.σ) and l ∈ L′. Denote by
w the class of n in Wσ (which is now defined with respect to Mτ) and denote ν = w−1τwτ ∈
WL′(M′τ) =: W′ and let ν¯ be the τ-conjugacy class of ν. We fix an isomorphism Mτ 
GLm(k) × Tτ with Tτ  (k∗)2N, and decompose the action of σ as σ0 × σ1. The automorphism
σ0 of GLm(k) is defined in the same way as σ is defined for GLn(k) and if we index the direct
factors of Tτ by the set
{1, . . . ,N,−N, . . . ,−1},
then σ1 acts on Tτ by (ti, t−i) 7→ (t−1−i , t−1i ). For any (h1, h2) ∈ N ×Z such that h1(h1 + 1) + h22 =
m, there is a unique isolated semi-simple conjugacy class in GLm(k).σ0 with centraliser
Sph1(h1+1)(k) ×Oh22 (k). If h
2
2 > 0, then there are two GLm(q)-conjugacy classes contained in this
isolated class.
Recall (§1.2.3) that sgn :WC → {±1} is the map whose kernel isWD.
Proposition 10.2.13. Fix sσ, τ, h1 and h2. Then the GLm(q)-conjugacy class of the direct factor of
hsσh−1 corresponding to GLm(k).σ0 only depends on ν¯.
Proof. According to the proof of Lemma 10.2.11, the L′F-conjugacy class of the F-stable Levi
subgroup Ch−1Mτh(sσ)
◦ ⊂ L′ corresponds the τ-conjugacy class ν¯with respect to CMτ(sσ)◦. We
know that
L′  Spns(k) × SOno(k) ×
∏
i
GLni(k)
for some non negative integers ns, no and ni’s, and L′F is isomorphic to Spns(q) × SO
η
no(q) ×∏
iGL
±
ni
(q) with η ∈ {±} depending on the GLn(q)-conjugacy class of sσ. LetMso be the direct
factor of Ch−1Mτh(sσ)
◦ corresponding to SOno(k) with respect to the above isomorphism. Then
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Mso is isomorphic to SOh22 (k)×Tνso , where νso is the direct factor of ν corresponding to SOno(k)
and Tνso is a torus such that the SO
η
no(q)-conjugacy class ofMso corresponds to νso. ThenM
F
so is
isomorphic to SOη ˙sgn(νso)
h22
(q)×TFνso . This means that the action of F on the factor SOh22(k) ofMso
is twisted according to the value of sgn(νso). We then remark that the two GLm(q)-conjugacy
classes contained in the same isolated GLm(k)-class are exactly distinguished by the action
of F on the connected centraliser. 
10.2.8. We now come to the last step in evaluating the induction RG
Mτ
.
Proposition 10.2.14. Fix sσ, h1, h2, τ, ν and φτ. Then,
(i) The inverse image under the natural map (cf. Lemma 10.2.2)
π : AF −→ (NG(Mτ.σ).L′/L′)F −→ (Wσ/W′)τ
of a W′-coset inWτ,ν, if non-empty, is MFτhL′F, for some h ∈ AF. Its cardinality is equal to
|MFτ | · |L′F| · |CMτ(hsσh−1)◦F|.
(ii) If we decompose Mτ  GLm(k) × Tτ and write σ = σ0 × σ1 as in §10.2.7, then
CMτ(hsσh
−1)◦F  SOη ˙sgn(νso)
h22
(q) × Sph1(h1+1)(q) × T′Fτ ,
where T′τ := CTτ(σ1)◦.
Remark 10.2.15. The surjection AF → B factors through π.
Proof. (i). Suppose h and h′ ∈ AF have the same image. According to the way in which W′
is regarded as a subgroup of Wσ, h′ ∈ MτhL′. If we write h′ = xhl′ with x ∈ Mτ and l′ ∈ L′.
By hypothesis, h and h′ define F-stable L′-cosets, so h−1F(h) ∈ L′ and h−1x−1F(xh) ∈ L′. We
deduce that x−1F(x) lies in hL′h−1. We then notice that the map a 7→ a−1F(a) preserves hL′h−1,
so it is a surjective map from hL′h−1 onto itself. We see that x ∈ MFτ.(hL′h−1). Therefore
h′ ∈MFτhL′ and it is necessary that h′ ∈MFτhL′F. We have |MFτhL′F| = |MFτ | · |L′F| · |MFτ∩hL′Fh−1|.
Note thatMFτ ∩ hL′Fh−1 = (Mτ ∩ hL′Fh−1)F = CMτ(hsσh−1)◦F.
(ii). To calculate CMτ(hsσh
−1)◦F, we can write hsσh−1 = (l1σ1, l0σ0) for some l0 ∈ GLm(k)
and l1 ∈ Tτ. Then CGLm(k)(l0σ0)◦F  SOη ˙sgn(νso)h22 (q) × Sph1(h1+1)(q) according to the proof of
Proposition 10.2.13. And CTτ(l1σ1)
◦ = CTτ(σ1)◦ since l1 acts trivially on Tτ. 
Corollary 10.2.16. With the same notations in Proposition 10.2.14, if we denote zτ = |CWσ(τ)| and
zν = |CW′(ν)|, then the cardinality of the inverse image ofWτ,ν under the map of Proposition 10.2.14
(i) is equal to
|L′F||MFτ ||T
′F
τ |−1| Sph1(h1+1)(q)|−1 | SO
η·sgn(νso)
h22
(q)|−1zτz−1ν .
In particular, if h1 = 0 and h2 = 0 or 1, in which case Mτ is a maximal torus of G, then this is equal to
(10.2.8.1) |L′F||MFτ ||T
′F
τ |−1zτz−1ν .
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Remark 10.2.17. The above calculation shows that if n is odd, or if h2 = 0, then the cardinality
of Ch−1Mτh(sσ)
◦F, which a priori depends on ν, in fact only depends on τ. In the case of
connected groups, this is trivial since (h−1Mτh)F MFτ.
11. The Formula
11.1. Decomposition into Deligne-Lusztig Inductions.
11.1.1. By Proposition 5.2.2 and Proposition 5.2.3, every σ-stable irreducible character χ
of GLn(q) is of the form RGMI,w(χ1 ⊠ χ0), for an F-stable Levi subgroup MI,w isomorphic to
the σ-stable standard Levi subgroup LI of the form (5.2.2.1) equipped with the Frobenius Fw
given by (5.2.3.5), (5.2.3.6) and (5.2.3.7) andwith the action of σ given by (5.2.3.8) and (5.2.3.9).
Decomposing LI into L1×L0 following §5.2.3, thenχ1 andχ0 are identifiedwith some σ-stable
characters of LFw1 and L
F0
0 respectively, where we also denote by the same letter the restriction
of Fw to L1 and by F0 its restriction to L0. We decompose σ into (σ1 σ0) with respect to L1 × L0.
Recall that χ0 is defined by a 2-partition (µ+, µ−) and that χ1 is defined by [ϕ1] ∈ Irr(WL1 )Fw
and θ1 ∈ Irrreg(LFw1 )σ1 satisfying the assumptions of §5.2.4, where ϕ1 ∈ Irr(W
σ1
L1
)Fw .
By Lemma 3.2.1, an extension of χ to GF.σ is obtained by first extending χ1 ⊠ χ0 toMFI,w.σ
and then taking the inductionRG.σ
MI,w.σ
. One can equally extendχ1 ⊠ χ0, regarded as a character
of LFw
I
, to LFw
I
.σ. The extension of χ1 to L
Fw
1 .σ1 is given by Theorem 9.2.1 and the extension of
χ0 to L
F0
0 .σ0 is given by Theorem 9.4.3. Explicitly, we have
χ˜1|LFw1 .σ1 = |W
σ1
L1
|−1
∑
w1∈Wσ1L1
ϕ˜1(w1Fw)R
L1.σ1
Tw1 .σ1
θ˜1,
χ˜0|LF00 .σ0 =
1
|W+|
1
|W−|
∑
w+∈W+
w−∈W−
ϕ+(w+)ϕ−(w−)RL0.σ0Lw.σ0φw,
and in the second equality there is an extra γχ0 if σ0 is of symplectic type. Now put
γχ :=

γχ0
if σ is of symplectic type,
1 otherwise.
Write Lw1,w = Tw1 × Lw. It is an Fw-stable and σ-stable Levi factor of a σ-stable parabolic
subgroup of LI. Combining the above two formulas gives
χ˜1⊠˜χ˜0|LFw
I
.σ = γχ|Wσ1L1 ×W+ ×W−|
−1
∑
(w1,w+,w−)
∈Wσ1
L1
×W+×W−
ϕ˜1(w1Fw)ϕ+(w+)ϕ−(w−)R
LI .σ
Lw1 ,w
(θ˜1⊠˜φw),
Suppose that under the isomorphism LI.<σ>  MI,w.<σ>, which is compatible with the
action of σ, the subgroups Lw1,w become Mw1,w, and that the decomposition L1 × L0 induces
the decompositionMI,w M1 ×M0. We deduce
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Theorem 11.1.1. The extension of χ is given by the following formula:
χ˜|GF.σ = γχ|Wσ1M1 ×W+ ×W−|
−1
∑
(w1,w+,w−)
∈Wσ1
M1
×W+×W−
ϕ˜1(w1F)ϕ+(w+)ϕ−(w−)RG.σMw1 ,w(θ˜1⊠˜φw).
11.1.2. Recall §5.2.8 that the σ-stable irreducible characters of GLn(q) are parametrised by
T¯χ. Denote by T¯0χ ⊂ T¯χ the subsets of the elements
λ+λ−(λi, αi)i∈Λ1 (λ
′
j, α
′
j) j∈Λ2
in which at most one of |λ+| and |λ−| is odd, and λ± is a partition with trivial 2-core or with
2-core (1) according to the parity.
Corollary 11.1.2. The σ-stable irreducible characters ofGLn(q) that extends to uniform functions on
GLn(q).σ are in bijection with T¯0χ, and the extensions of these characters constitute a base (identifying
two extensions of the same character) of the space of the uniform functions on GLn(q).σ.
Proof. We have seen in Theorem 11.1.1 that the extension of a general σ-stable irreducible
character is decomposed into a linear combination of cuspidal functions induced from
MFw1,w  T
F
w1
× TFw+ × TFw− ×GLm(q),
for variousw1 andw. Cuspidal functions induced fromMFw1,wwithm > 1 can not be uniform
(see §3.3.2 for the definition of uniform functions). Now the condition m ≤ 1 is equivalent
to the condition that the sum of the 2-cores of λ+ and λ− is either empty or (1). We see that
λ+ and λ− satisfy the assumption in the definition of T¯0χ, whence the first assertion.
For each t¯ ∈ T¯0χ, denote by χt¯ the corresponding character, and choose an extension
χ˜t¯ ∈ C(GLn(q).σ). Then, {χ˜t¯ | t¯ ∈ T¯0χ} is a set consisting of functions orthogonal to each other.
Theorem 11.1.1 gives a transition matrix between the set of (generalised) Deligne-Lusztig
characters and that of the χ˜t¯’s. 
Remark 11.1.3. The extensionof an irreducible character is then eitheruniform, ot orthogonal
to all uniform functions. Since the characteristic function of a quasi-semi-simple conjugacy
class is uniform, the extension of a character corresponding to an element of T¯χ \ T¯0χ vanishes
on every quasi-semi-simple element.
12. Examples
We give the character tables of GL2 ⋊<σ> and GL3 ⋊<σ>. We assume that q ≡ 1 mod 4
and write i =
√
−1. Denote by µ2 the 2-elements group, identified with {±1}. Let η ∈ Irr(F∗q)
denote the order 2 character. The σ-stable irreducible characters are specified in terms of
(L, ϕ, θ) as in Theorem 1. Denote by T the maximal torus consisting of the diagonal matrices
and denote by w the unique nontrivial element of WG(T), either for GL2(k) or GL3(k), that
is fixed by σ. Denote by Tw a σ-stable and F-stable maximal torus corresponding to the
conjugacy class of w. In the following, we will freely use the formulas in §1.3.4.
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12.1. σ-stable Irreducible Characters. We specify the σ-stable irreducible characters of
GL2(q) and GL3(q), and compute the numbers of these characters and of the quadratic-
unipotent characters of GL4(q) and GL5(q).
12.1.1. SupposeG = GL2(k). There are q+ 3 σ-stable irreducible characters of GL2(q), and 5
of them are quadratic-unipotent, among which one extends into a non-uniform function.
The quadratic-unipotent characters induced from L = G are the following.
Id η Id St η St
The only one quadratic-unipotent character induced from L = T is the following.
RG
T
(1, η)
It is the unique σ-stable irreducible character with non-uniform extension.
Other σ-stable irreducible characters are either of the form,
RG
T
(α, α−1)
with α ∈ Irr(F∗q) satisfying αq = α, α , 1 or η. There are (q − 3)/2 of them; or of the form,
RG
Tw
(ω)
with ω ∈ Irr(F∗
q2
) satisfying ωq = ω−1, ω , 1 or η. There are (q − 1)/2 of them.
12.1.2. Suppose G = GL3(k). There are 2q + 6 σ-stable irreducible characters of GL3(q), and
10 of them are quadratic-unipotent, among which two have non-uniform extensions.
The quadratic-unipotent characters induced from L = G are the following.
Id η Id χ2 ηχ2 χ3 ηχ3
The characters χ2 and ηχ2 are associated to the sign character of S3. The characters χ3 and
ηχ3 are associated to the degree 2 character ofS3, and these two characters have non-uniform
extensions.
The quadratic-unipotent characters induced from L  GL2(k) × k∗ are the following.
RG
L
(Id, η) RG
L
(η Id2, Id) RGL (St, η) R
G
L
(η St, Id)
Other σ-stable irreducible characters are either of the form,
RG
T
(α, 1, α−1) RG
T
(α, η, α−1)
with α ∈ Irr(F∗q) satisfying αq = α, α , 1 or η. There are q − 3 of them; or of the form,
RG
Tw
(ω, 1, ω−1) RG
Tw
(ω, η, ω−1)
with ω ∈ Irr(F∗
q2
) satisfying ωq = ω−1, ω , 1 or η. There are q − 1 of them.
12.1.3. Suppose G = GL4(k). There are
1
2
(q − 2)(q − 3) + 7(q − 2) + 20
σ-stable irreducible characters of GL4(k), and 20 of them are quadratic-unipotent.
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The Levi subgroups L = GL4(k), L = GL3(k) × k∗ and L = GL2(k) × GL2(k) give rise to
(5 + 3 + 2) × 2 quadratic-unipotent characters, knowing that | Irr(S4)| = 5.
The Levi subgroup L  GL2(k) × (k∗ × k∗) gives
|Quad. Unip. of GL2 | × (q − 2) = 5(q − 2)
noticing that q − 2 = (q − 3)/2 + (q − 1)/2 as in the case of G = GL2(k).
The Levi subgroup L  GL2(k) ×GL2(k) gives (q − 2) × 2 with 2 = | Irr(S2)|.
The maximal torus (k∗)2 × (k∗)2 gives 12 (q − 2)(q − 3).
12.1.4. Suppose G = GL5(k). There are
(q − 2)(q − 3) + 14(q − 2) + 36
σ-stable irreducible characters, and 36 of them are quadratic-unipotent.
The Levi subgroupsL = GL5(k), L  GL4(k)×k∗ and L  GL3(k)×GL2(k) give (7+5+3×2)×2
quadratic-unipotent characters, knowing that | Irr(S5)| = 7.
The Levi subgroup L  GL3(k) × (k∗)2 gives
|Quad. Unip. of GL3 | × (q − 2) = 10(q − 2).
TheLevi subgroup L  k∗×(GL2(k)×GL2(k)) gives 2×2×(q−2), with one factor 2 = | Irr(S2)|
and the other factor 2 = |{1, η}|.
The maximal torus L  k∗ × (k∗)2 × (k∗)2 gives 2 × 12 (q − 2)(q − 3).
12.2. Conjugacy Classes. We present the conjugacy classes of GL2(q).σ and of GL3(q).σ, and
count the isolated classes ofGL4(q).σ and ofGL5(q).σ. Denote by su the Jordan decomposition
of an element of the conjugacy class concerned. Note that O1(k)  µ2 and O2(k)  k∗ ⋊<τ>
with τ(x) = x−1.
12.2.1. Suppose G = GL2(k). There are q + 3 conjugacy classes, and 5 of them are isolated.
- s = (1, 1)σ, CG(s) = SL2(k).
The unipotent parts are given by the partitions defined by Jordan blocks. Then the
centralisers and the GF-classes are specified accordingly as below,
(12) (2)
SL2(k) O1(k)V
C1 C2 C3
where V  A1 is the unipotent radical. If we use the unit element of a root subgroup
of SL2(k) to represent (2), then C2 corresponds to the identity component of the
centraliser. The two components of O1(k)V have as representatives the scalars ± Id.
- s = (i,−i)σ, CG(s) = O2(k).
Denote by C4 the G(q)-class corresponding to the identity component, and C5 the
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other class. The two components of O2(k) have as representatives 1 00 1
 and
 0 11 0

respectively, and so induce the Frobenius x 7→ xq and x 7→ x−q respectively. In other
words, the centralisers of C4 and C5 are O+2 (q) and O
−
2 (q) respectively.
- s = (a, a−1)σ, CG(s) = k∗.
For any value of a, the correspondingG-class contains a uniqueG(q)-class. The classes
are as follows.
aq−1 = 1 aq+1 = 1 aq−1 = −1 aq+1 = −1
C6(a) C7(a) C8(a) C9(a)
The Frobenius on CG(s)  k∗ with s ∈ C6 or C8 is x 7→ xq, while the Frobenius on
CG(s)  k∗ with s ∈ C7 or C9 is x 7→ x−q.
We have
- |C1| = |G(q)|/| SL2(q)| = q − 1;
- |C2| = |C3| = |G(q)|/2|V(q)| = 12 (q − 1)2(q + 1);
- |C4| = |G(q)|/|O+2 (q)| = 12q(q + 1)(q − 1); |C5| = |G(q)|/|O−2 (q)| = 12q(q − 1)2;
- |C6| = |C8| = |G(q)|/(q − 1) = q(q + 1)(q − 1);
- |C7| = |C9| = |G(q)|/(q + 1) = q(q − 1)2.
12.2.2. SupposeG = GL3(k). There are 2q+6 conjugacy classes, and 10 of them are isolated.
Now each semi-simpleG-conjugacy class contains twoG(q)-conjugacy classes, distinguished
by the sign η (cf. (6.2.2.2)). Depending on the value of η, we will write C+ or C− to represent
the corresponding conjugacy class contained in a given G-conjugacy class.
Notation 12.2.1. In what follows, wewrite ǫ instead of η to avoid clashing with the character
of F∗q.
- s = (1, 1, 1)σ, CG(s) = O3(k).
The unipotent parts are given by the partitions defined by Jordan blocks. Then the
centralisers and the GF-classes are specified accordingly as below,
(13) (3)
O3(k) O1(k).V
C+1 C
−
1 C
+
2 C
−
2
where V  A1 is the unipotent radical.
- s = (i, 1,−i)σ, CG(s)  SL2(k) ×O1(k).
The unipotent parts are given by the partitions defined by Jordan blocks. Then the
centralisers and the GF-classes are specified accordingly as below,
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(12) (2)
SL2(k) ×O1(k) O1(k) ×O1(k).V
C+3 C
−
3 C
+
4 C
+
5 C
−
4 C
−
5
where V  A1 is the unipotent radical. If we use the unit element of a root subgroup
of SL2(k) to represent (2), then the correspondence between the classes C+4 , C
+
5 , C
−
4 , C
−
5
and the connected components of CG(s) is given as follows.
C+4 C
+
5 C
−
4 C
−
5
1 0 0
0 1 0
0 0 1


−1 0 0
0 1 0
0 0 −1


1 0 0
0 −1 0
0 0 1


−1 0 0
0 −1 0
0 0 −1

- s = (a, 1, a−1)σ, CG(s) = k∗ × µ2, identified with {diag(x,±1, x−1); x ∈ k∗}.
The conjugacy classes are as follows.
aq−1 = 1 aq+1 = 1 aq−1 = −1 aq+1 = −1
C+6 (a) C
−
6 (a) C
+
7 (a) C
−
7 (a) C
+
8 (a) C
−
8 (a) C
+
9 (a) C
−
9 (a)
The Frobenius on CG(s)  k∗ with s ∈ C±6 or C±8 is x 7→ xq, while the Frobenius on
CG(s)  k∗ with s ∈ C±7 or C±9 is x 7→ x−q.
We have
- |C+1 | = |C−1 | = |G(q)|/|O3(q)|;
- |C+2 | = |C−2 | = |G(q)|/2|V(q)|;
- |C+3 | = |C−3 | = |G(q)|/2| SL2(q)|;
- |C+4 | = |C−4 | = |C+5 | = |C−5 | = |G(q)|/4|V(q)|;
- |C±6 | = |C±8 | = |G(q)|/2(q − 1);
- |C±7 | = |C±9 | = |G(q)|/2(q + 1).
12.2.3. Suppose G = GL4(k). There are 20 isolated conjugacy classes.
- s = (1, 1, 1, 1)σ, CG(s) = Sp4(k).
The unipotent parts are given by the partitions defined by Jordan blocks. Then the
reductive parts of the centralisers are specified accordingly as below,
(14) (122) (22) (4)
Sp4(k) SL2(k) ×O1(k) O2(k) O1(k)
This gives 7 classes.
- s = (i, 1, 1,−i)σ, CG(s) = SL2(k) ×O2(k).
The unipotent parts are given by the partitions defined by Jordan blocks. Then the
reductive parts of the centralisers are specified accordingly as below,
(12) (2)
SL2(k) ×O2(k) O1(k) ×O2(k)
This gives 6 classes.
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- s = (i, i,−i,−i)σ, CG(s) = O4(k).
The unipotent parts are given by the partitions defined by Jordan blocks. Then the
reductive parts of the centralisers are specified accordingly as below,
(14) (13) (22)
O4(k) O1(k) ×O1(k) SL2(k)
This gives 7 classes.
12.2.4. Suppose G = GL5(k). There are 36 isolated conjugacy classes.
- s = (1, 1, 1, 1, 1)σ, CG(s) = O5(k).
The unipotent parts are given by the partitions defined by Jordan blocks. Then the
reductive parts of the centralisers are specified accordingly as below,
(15) (123) (122) (5)
O5(k) O2(k) ×O1(k) O1(k) × SL2(k) O1(k)
This gives 10 classes.
- s = (i, 1, 1, 1,−i)σ, CG(s) = O3(k) × SL2(k).
The unipotent parts are given by the partitions defined by Jordan blocks. Then the
reductive parts of the centralisers are specified accordingly as below,
(13) (3)
O3(k) O1(k)
× (1
2) (2)
SL2(k) O1(k)
This gives (2 + 2) × (1 + 2) = 12 classes.
- s = (i, i, 1,−i,−i)σ, CG(s) = Sp4(k) ×O1(k).
The unipotent parts are given by the partitions defined by Jordan blocks. Then the
reductive parts of the centralisers are specified accordingly as below,
O1(k)×
(14) (122) (22) (4)
Sp4(k) SL2(k) ×O1(k) O2(k) O1(k)
This gives 2 × 7 = 14 classes.
12.3. The Tables. The calculation of the values of the uniform characters is reduced to the
determination of the sets
A = A(sσ,Tw) = {h ∈ GF | hsσh−1 ∈ Tw.σ}
for various GF-conjugacy classes of F-stable and σ-stable maximal tori Tw contained in some
σ-stable Borel subgroups, and semi-simple GF-conjugacy classes of elements sσ.
12.3.1. The procedure (cf. 10) for computing A can be summarised as follows.
Suppose sσ is an F-fixed element contained in T.σ, and Tw can be written as gTg◦ for
some g ∈ CG(σ)◦. If h ∈ GF conjugates sσ into Tw.σ, then there exists some l ∈ CG(sσ)◦
such that n := g−1hl lies in NG(T.σ). Recall that NG(T.σ) ⊂ NG(T) consists of the connected
components that are stable under σ. Then g−1hsσh−1g = nsσn−1 is an Fw-fixed element
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of T.σ. If sσ is an F-fixed element contained in Tw.σ, then similar arguments show that
g−1hsσh−1g = ng−1sσgn−1 with gng−1 = hl. The conjugation by n can be separated into a
permutation of the "eigenvalues" and a conjugation by an element of T. For each sσ and Tw,
we will first find some t ∈ T such that tsσt−1 (or tg−1sσgt−1 if we start with some sσ ∈ Tw.σ) is
fixedby Fw, then evaluate any character ofTFw.<σ>under the isomorphismT
F
w.<σ> T
Fw .<σ>.
The value does not depend on the choice of t, and the permutation of the "eigenvalues" is
simple.
We will use the following observation. Let ω ∈ Irr(F∗
q2
) be such that ωq = ω−1, and let
a ∈ F∗
q2
be such that aq = a. Then a = bq+1 for some b ∈ F∗
q2
, so
ω(a) = ω(bq+1) = ωq+1(b) = 1.
12.3.2. Suppose G = GL2(k). Consider the characters RGT (1, η), R
G
T
(α, α−1) and RG
Tw
(ω).
The calculation of the extensions of RG
T
(1, η) is a direct application of the theorem of
Waldspurger. Following the notations of (9.4.1), we have (µ+, µ−) = ((1), (1)). The 2-cores are
(1) and (1), and so m+ = m− = 1. We deduce that h1 = 1 and h2 = 0. So the cuspidal function
is supported on the class of suwith CG(s)◦  SL2(k) and u corresponding to the partition (2).
We find δ(h1, h2) = 1. So the values of this character on its support are ±√q and vanish on
all other classes.
If sσ = σ and soCG(sσ) = SL2(k), then hσh−1 = det(h).σ (regarding det(h) as a scalar matrix),
which belongs to T.σ or Tw.σ for any h. So A = GF and θ˜(hsσh−1) = θ(σ) = 1 for any h as θ
has trivial value on the scalars.
If sσ = (i,−i)σ and so CG(sσ) = O2(k), then the elements of A are exactly those h ∈ GF
such that (h−1Th ∩ CG(sσ))◦ is a maximal torus of CG(sσ)◦ = SO2(k) which itself is a torus
whose centraliser in G is T or Tw according to whether sσ ∈ C4 or sσ ∈ C5. Consequently,
A(C5,T) = A(C4,Tw) = ∅, while A(C4,T) and A(C5,Tw) are the normalisers of T and Tw
respectively. It is easy to check that
θ˜(hsσh−1) = α(i)α−1(−i) = α(−1)
if sσ ∈ C4. If sσ ∈ C5, then we use the method at the beginning of this section. It suffices
to find some t ∈ T such that tsσt−1 is fixed by Fw. Indeed, we can take t = diag(λ, 1) with
λq = −λ so that (iλ)q = −iλ. We get θ(sσ) = ω(iλ). The value is independent of the choice
of λ. We can also do it directly and explicitly, and obtain the same result. The elements of
O2(k) \ SO2(k) are of the form  0 xx−1 0
 ,
so they do not belong to SL2(k). Let us describe Ts explicitly by choosing g2 ∈ SL2(k) such
that
g−12 F(g2) =
 0 1−1 0

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and putting Tw = g2Tg−12 . We choose λ ∈ k∗ such that λq = −λ. Put
g1 = g2
 λ 00 1
 ,
such that g−11 F(g1) ∈ O2(k). Then the representative sσ ∈ C5 is given by
g1
 i 00 −i
σg−11 = g2
 iλ 00 −iλ
 g−12 σ ∈ Tw.σ,
and so θ˜(sσ) = ω(iλ). If ω = η, then taking the norm gives λ2 and evaluating η gives −1.
If sσ = (a, a−1)σ, and so CG(sσ) = T or Tw according to whether aq = ±a or aq = ±a−1, thenA
is equal to the normaliser of T or Tw or empty according to the GF-class of CG(sσ). If sσ ∈ C8,
the F-stable conjugate of sσ in T.σ is given by diag(aλ, a−1λ)σ with λq = −λ. If θ = η ◦ det |T,
then θ˜((aλ, a−1λ)σ) = η(λ2) = −1. If sσ ∈ C9, the representative of C9(a) is given by
g
 aλ 00 a−1λ
 g−1σ ∈ TFs .σ.
Again, if θ = η ◦ det |Ts , then θ˜((aλ, a−1λ)σ) = η(λ2) = −1.
12.3.3. SupposeG = GL3(k). Consider the charactersχ3,RGT (α, 1, α
−1),RG
T
(ω, 1, ω−1),RG
T
(ηχ3),
RG
T
(α, η, α−1) and RG
T
(ω, η, ω−1).
For χ3, we use the theorem of Waldspurger. We have (µ+, µ−) = ((13),∅). The 2-cores are
(2, 1) and ∅, and so m+ = 2 and m− = 0. We deduce that h1 = 1 and h2 = 1. So the cuspidal
function is supported on the class of su with CG(s)◦  SL2(k) ×O1(k) and u corresponding to
the partition (2). We find δ(h1, h2) = 1 and so the values of this character are ±√q.
If sσ = (1, 1, 1)σ and so CG(sσ) = O3(k), then one has to understand the set AF =
(NG(T.σ).L′)F, with the notations of Lemma 10.2.2. If h = nl ∈ AF, then the L′F-conjugacy class
of h−1Th∩L′ corresponds to the F-class of n−1F(n) ∈ NL′(T∩L′). ButNG(T.σ) WG(T)σ  S2,
so n−1F(n) necessarily belongs to T ∩ L′ = (Tσ)◦, i.e. h−1Th ∩ L′ is always L′F-conjugate to
T ∩ L′ and the only Green function that appears in the formula of RG
T
θ(sσu) is QSO3(k)(Tσ)◦ (u). We
also have a similar result for Tw. Expressing the elements h = nl as some explicit matrices,
we find that θ˜(hsσh−1) does not depend on h. It remains to calculate
|NGF(T.σ)L
′F| =|L′F||NGF(T.σ)||NL′F(CT(σ)◦)|−1
=| SO3(q)| · 2(q − 1)3 · 2(q − 1),
(12.3.3.1)
For Tw, we have
(12.3.3.2) |NGF(Tw.σ)L
′F| = | SO3(q)| · 2(q − 1)(q2 − 1) · 2(q + 1).
TheotherG(q)-class contained in theG-class ofσhas as representative (1, λ2, 1)σwithλq = −λ,
so for example the value of RG
T
(α, η, α−1)(C2) differs from RGT (α, 1, α
−1)(C2) by a sign.
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Themain difference betweenGL3(q) and GL2(q) is the class (i, 1,−i)σ (as opposed to (i,−i)σ
for GL2(k)). We have CG(sσ)  SL2(k) × O1(k) so in particular it contains representatives
of each element of WG(T)σ. Therefore, the sets AF are not empty either for T or for Tw.
Suppose that sσ represents Cǫ3 and we want to evaluate R
G
T
(α, η, α−1) at sσ. Let t ∈ T be
such that tsσt−1 is fixed by F. Then tsσt−1 can be written as diag(ix, y,−ix)σ. It is necessary
that xq = x and yq = y. So α(i)α−1(−i) = α(−1). Applying ǫ gives η(y) = ǫ(Cǫ3). Therefore
(α, η, α−1)(hsσh−1) evaluates ǫα(−1). Now we evaluate RG
T
(ω, η, ω−1) at sσ. Again we write
tsσt−1 as diag(ix, y,−ix)σ, but which is Fw-stable. It is necessary that xq = −x and yq = y.
Applying ǫ gives η(y) = −ǫ(Cǫ3) since x2 < (F∗q)2. Therefore (ω, η, ω−1)(hsσh−1) evaluates
−ǫω(iλ). If sσ ∈ C±8 , then an F-stable element diag(ax, y, a−1x)σ = tsσt−1 satisfies xq = −x.
and yq = y. Therefore (α, η, α−1)(hsσh−1) evaluates −ǫα(a±2), where the ±2 power is due to
permutation of "eigenvalues". For (ω, η, ω−1) at C±9 the calculation is similar.
T
H
E
C
H
A
R
A
C
T
E
R
TA
B
L
E
O
F
G
L
n
(F
q
)⋊
<
σ
>
82
Table 1. The Character Table of GL2(q).<σ>
(1, 1)σ (i,−i)σ (a, a−1)σ
(12) (2) 1 aq−1 = 1 aq+1 = 1 aq−1 = −1 aq+1 = −1
C1 C2 C3 C4 C5 C6(a) C7(a) C8(a) C9(a)
RG
T
(1, η) 0 −√q √q 0 0 0 0 0 0
Id 1 1 1 1 1 1 1 1 1
η Id 1 1 1 1 −1 1 1 −1 −1
St q 0 0 1 −1 1 −1 1 −1
η St q 0 0 1 1 1 −1 −1 1
RG
T
(α, α−1) q + 1 1 1 2α(−1) 0 α(a2) + α(a−2) 0 α(a2) + α(a−2) 0
RG
Tw
(ω) 1 − q 1 1 0 2ω(iλ) 0 ω(a) + ω(a−1) 0 ω(aλ) + ω(a−1λ)
T
H
E
C
H
A
R
A
C
T
E
R
TA
B
L
E
O
F
G
L
n
(F
q
)⋊
<
σ
>
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Table 2. The Character Table of GL3(q).<σ>, (i)
(1, 1, 1)σ (i, 1,−i)σ
(13) (3) (12) (2)
C+1 C
−
1 C
+
2 C
−
2 C
+
3 C
−
3 C
+
4 C
+
5 C
−
4 C
−
5
(a, 1, a−1)σ
aq−1 = 1 aq+1 = 1 aq−1 = −1 aq+1 = −1
C+6 C
−
6 C
+
7 C
−
7 C
+
8 C
−
8 C
+
9 C
−
9
χ3 0 0 0 0 0 0
√
q −√q −√q √q
0 0 0 0
ηχ3 0 0 0 0 0 0
√
q −√q √q −√q
0 0 0 0
T
H
E
C
H
A
R
A
C
T
E
R
TA
B
L
E
O
F
G
L
n
(F
q
)⋊
<
σ
>
84
Table 3. The Character Table of GL3(q).<σ>, (ii)
C+1 C
−
1 C
+
2 C
−
2 C
+
3 C
−
3 C
+
4 C
+
5 C
−
4 C
−
5
C+6 C
−
6 C
+
7 C
−
7 C
+
8 C
−
8 C
+
9 C
−
9
Id 1 1 1 1 1 1 1 1 1 1
1 1 1 1
η Id 1 −1 1 −1 1 −1 1 1 −1 −1
ǫ ǫ ǫ ǫ
χ2 q q 0 0 q q 0 0 0 0
1 −1 1 −1
ηχ2 q −q 0 0 q −q 0 0 0 0
ǫ −ǫ ǫ −ǫ
T
H
E
C
H
A
R
A
C
T
E
R
TA
B
L
E
O
F
G
L
n
(F
q
)⋊
<
σ
>
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Table 4. The Character Table of GL3(q).<σ>, (iii)
C+1 C
−
1 C
+
2 C
−
2 C
+
3 C
−
3 C
+
4 C
+
5 C
−
4 C
−
5
C+6 C
−
6 C
+
7 C
−
7 C
+
8 C
−
8 C
+
9 C
−
9
RG
L
(Id2 , η) 1 −1 1 −1 q −q 0 0 0 0
ǫ ǫ −ǫ −ǫ
RG
L
(η Id, Id) 1 1 1 1 q q 0 0 0 0
1 1 −1 −1
RG
L
(St, η) q −q 0 0 1 −1 1 1 −1 −1
ǫ −ǫ −ǫ ǫ
RG
L
(η St, Id) q q 0 0 1 1 1 1 1 1
1 −1 −1 1
T
H
E
C
H
A
R
A
C
T
E
R
TA
B
L
E
O
F
G
L
n
(F
q
)⋊
<
σ
>
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Table 5. The Character Table of GL3(q).<σ>, (iv)
C+1 C
−
1 C
+
2 C
−
2 C
+
3 C
−
3 C
+
4 C
+
5 C
−
4 C
−
5
C+6 C
−
6 C
+
7 C
−
7 C
+
8 C
−
8 C
+
9 C
−
9
(α, 1, α−1) q + 1 q + 1 1 1 (q + 1)α(−1) (q + 1)α(−1) α(−1) α(−1) α(−1) α(−1)
α(a2) + α(a−2) 0 α(a2) + α(a−2) 0
(α, η, α−1) q + 1 −q − 1 1 −1 (q + 1)α(−1) −(q + 1)α(−1) α(−1) α(−1) −α(−1) −α(−1)
ǫ(α(a2) + α(a−2)) 0 −ǫ(α(a2) + α(a−2)) 0
(ω, 1, ω−1) −q + 1 −q + 1 1 1 (−q + 1)ω(iλ) (−q + 1)ω(iλ) ω(iλ) ω(iλ) ω(iλ) ω(iλ)
0 ω(a) + ω(a−1) 0 ω(aλ) + ω(a−1λ)
(ω, η, ω−1) −q + 1 q − 1 1 −1 (q − 1)ω(iλ) (−q + 1)ω(iλ) −ω(iλ) −ω(iλ) ω(iλ) ω(iλ)
0 ǫ(ω(a) + ω(a−1)) 0 −ǫ(ω(aλ) + ω(a−1λ))
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